Symmetry Breaking in Extra Dimensions by Biggio, Carla
ar
X
iv
:h
ep
-p
h/
03
12
20
9v
1 
 1
6 
D
ec
 2
00
3
DFPD-03/TH/49
Symmetry Breaking in Extra Dimensions
Carla Biggio
Dipartimento di Fisica ‘G. Galilei’, Universita` di Padova &
INFN, Sezione di Padova, Via Marzolo 8, I-35131 Padova, Italy 1
Ph.D. thesis
Universita` degli Studi di Padova, Dipartimento di Fisica ‘G. Galilei’
Dottorato di Ricerca in Fisica, Ciclo XVI
Advisor: Prof. F. Feruglio
Abstract
In this thesis we analyze the problem of symmetry breaking in models with extra
dimensions compactified on orbifolds. In the first chapter we briefly review the main
symmetry breaking mechanisms peculiar of extra dimensions such as the Scherk-
Schwarz mechanism, the Hosotani mechanism and the orbifold projection. In the
second chapter we study the most general boundary conditions for fields on the
orbifold S1/Z2 and we apply them to gauge and SUSY breaking. In the third
chapter we focus on flavour symmetry and we present a six dimensional toy model
for two generations that can solve the fermion hierarchy problem.
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Introduction
The introduction of extra dimensions in theoretical high energy physics is mainly due
to the quest for unification of particle interactions. This duality -unification of forces
on one side and introduction of new coordinates on the other- was born already at the
end of the 19th century, after the unification of electricity and magnetism carried out
by Maxwell. Indeed once the special relativistic invariance of Maxwell’s theory was
recognized, it became clear that a unified description of electricity and magnetism
implied a unified description of space and time, which for the first time began to
be considered as different coordinates of a continuum space-time. Inspired by this
idea, in the following years many physicists attempted to unify gravitation and
electromagnetism starting from a theory defined on a five-dimensional space-time,
which was obtained from the usual one by adding a spatial coordinate. The first was
the Finnish physicist Gunnar Nordstrom who, in 1914, built a model starting from
Maxwell equations for a five-dimensional vector boson of an abelian group [1]. Then,
after the publication of Einstein’s general relativity, the mathematician Theodor
Kaluza proposed another, more complex, unified theory, originating from a five-
dimensional gravitational Einstein action [2]. Some years later the same theory was
independently rediscovered by Oskar Klein [3].
After these first attempts at unification [4], extra dimensions were forgotten for
many years, obscured by the successes of four-dimensional quantum field theory,
which culminated in the discovery of the Standard Model of electroweak interac-
tions [5]. Following experimental confirmation, most research was focused on build-
ing a unified theory of strong and electroweak interactions, the so-called Grand
Unified Theory, still in four dimensions. However each time gravitation was in-
corporated, extra dimensions naturally appeared. In particular string theories [6],
which arguably offer the only consistent quantum description of gravitation and
other fundamental forces, are defined in ten (heterotic, type I and type II strings)
or in eleven (M-theory) dimensions. Motivated by this observation, many physicists
returned to the original Kaluza-Klein theories and began to study quantum field
theory in higher dimensions. And a new world revealed to their eyes. Indeed extra
dimensions offer a new perspective for the interpretation of data, for the description
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of physical phenomena, for overcoming problems and, in particular, they offer new
mechanisms for symmetry breaking.
Symmetry breaking is one of the most important and interesting aspects of theo-
retical particle physics, since symmetries provide the basis of our current description
of nature. In the usual four-dimensional theories we know that symmetries can be
broken explicitly or spontaneously; in this latter case if the broken symmetry is
global and continuous the Goldstone theorem [7] applies, whereas if the symmetry
is local we have an Higgs mechanism [8]. In theories defined in extra dimensions new
ways of symmetry breaking appear, associated with the different compactifications
of the extra dimensions.
If we start from a scenario with infinite extra dimensions, the simplest way to
compactify is to impose a periodicity condition on each extra coordinate, in such
a way as to obtain a multi-dimensional torus. Already at this stage we have one
first symmetry breaking since the higher-dimensional Lorentz invariance is spoiled.
When we introduce fields and write down a lagrangian, we require that physics de-
pends only on points of the compact space, so a kind of periodicity condition on the
extra-dimensional action must be imposed. Obviously if fields are already periodic
this condition is immediately satisfied and it does not imply any new interesting
features. However if the lagrangian is invariant under the transformations of some
symmetry group, we can use this symmetry to say that fields are periodic up to
such a transformation. This is known as the Scherk-Schwarz mechanism [9, 10]
and is used to break four-dimensional symmetries. In theories in extra dimensions
four-dimensional fields are recovered as the modes of a Fourier expansion along the
extra coordinates (Kaluza-Klein modes). For every mode there is a corresponding
four-dimensional mass (Kaluza-Klein levels) and in general a higher-dimensional
field possesses one zero mode corresponding to a four-dimensional field of zero mass.
If fields are no longer periodic (if they are “twisted”) the conventional Fourier ex-
pansion is modified and this leads to a constant shift of every Kaluza-Klein level
which also includes the zero mode that no longer corresponds to a massless four-
dimensional field. Now if we consider a multiplet of some symmetry group and we
assign different periodicity conditions to different components of the multiplet, we
discover that from the four-dimensional perspective the symmetry is broken, since
some fields maintain the usual Kaluza-Klein levels while others are shifted.
In addition to the toroidal compactification, there exists an alternative type of
compactification which is called an orbifold [11]. This is obtained by imposing a
discrete symmetry on a compact space that leads to fixed points invariant under the
discrete symmetry transformations. This “orbifolding” breaks translational invari-
ance and, as the Scherk-Schwarz mechanism, can be used to break other symmetries.
Also in this case we must require that the action only depends on the points of the
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orbifold and this translates into particular transformation properties for fields. In
the simplest cases the orbifold transformation corresponds to a parity operation
where fields can be even or odd assigned parity. The number of Kaluza-Klein modes
for each field of definite parity is now reduced and in particular odd fields lose their
zero modes. If once again we consider a multiplet of some symmetry group and
assign different parities to different components of the multiplet, we find that the
symmetry is broken from the four-dimensional point of view.
Finally another symmetry breaking mechanism typical of extra-dimensional frame-
works exists for gauge theories, defined on non-simply connected manifolds indepen-
dently of the compactification considered. Indeed if the extra-dimensional compo-
nent of a gauge field acquires a constant background or vev, the gauge symmetry
can be broken by a Wilson loop. This is known as the Hosotani mechanism [12] and
it has been shown to be equivalent to the Scherk-Schwarz mechanism. In fact it is
possible to perform a gauge transformation that reabsorbs the vev, but now leads to
non periodic boundary condition for the gauge field considered. Since the Hosotani
mechanism is a spontaneous symmetry breaking, we can exploit this equivalence to
state that Scherk-Schwarz breaking is also spontaneous.
These novel mechanisms of symmetry breaking can be applied to various types
of symmetries, such as gauge symmetries, supersymmetry or flavour symmetries.
For every different symmetry considered, the compactification scale must take a
particular value. For example when extra dimensions are introduced to explain the
weakness of gravity with respect to the other forces, they have to be very large,
of order TeV −1 [13]. In contrast if we want to break a Grand Unified symmetry
the radius of the extra dimension must be very small, of the order of the inverse
of the grand unification scale. In this thesis we are not concerned with the size of
the compactification radius as we investigate the mechanisms of symmetry breaking
on orbifolds, independently of the compactification scale. However, since we apply
them to gauge symmetries, supersymmetry and flavour symmetry, it will become
apparent that we are always dealing with small extra dimensions.
The rest of the thesis is organized as follows.
In chapter 1 we describe in more detail the symmetry breaking mechanisms
typical of extra-dimensional frameworks that we have outlined above and apply them
to gauge symmetry and supersymmetry. To do this we choose to describe in detail
some realistic models which exploit these mechanisms to break their symmetries.
Of course the literature on the subject is too large, so this chapter is far from being
a complete phenomenological review on models in extra dimensions. We simply
choose some models as an example to give an idea of the importance of these new
methods for symmetry breaking in model building.
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Chapters 2 and 3 contain the original parts of this thesis. In chapter 2 we study
the particular features the Scherk-Schwarz mechanism shows when implemented on
orbifolds. It is well known that when this mechanism is applied to orbifolds, there
are various consistency conditions that must hold between the operators defining
the twist and those defining the orbifold itself. However there is also a more inter-
esting feature. At variance with manifolds where fields must be smooth everywhere,
on orbifolds they can have discontinuities at the fixed points, provided the physical
properties of the system remain well defined. So the most general boundary condi-
tions for fields are specified not only by parity and periodicity, but also by possible
jumps at the fixed points. In sections 2.1 and 2.2 we discuss the most general bound-
ary conditions respectively for fermions and bosons on the orbifold S1/Z2 and we
calculate the spectra and eigenfunctions in various cases, discussing the relationship
between these boundary conditions and the Scherk-Schwarz mechanism.
We find that the most general boundary conditions for fields on orbifolds are
identical for fermions and bosons, but in the bosonic case identical conditions are
required also for the y-derivative of fields (where y is the extra coordinate). This
is due to the requirement of self-adjointness for the differential operator which de-
termines the spectrum. These generalized boundary conditions include twist and
jumps at the fixed points and the matrices defining them are required to be unitary
and must satisfy certain consistency conditions.
Once we have assigned periodicity, parity and jumps to fields, we can calculate
the corresponding spectra and eigenfunctions by solving the equations of motion. In
this thesis this is done in the case of one fermion field and one or more scalar fields.
In every case we find that the spectrum is a Scherk-Schwarz-like spectrum, since all
the Kaluza-Klein levels are always shifted by a universal amount. However the shift
is no longer determined by the twist parameter alone, as in the conventional Scherk-
Schwarz mechanism, but now also depends on parameters that define the behaviour
of fields at the fixed points. As required from boundary conditions, eigenfunctions
are either discontinuous or have cusps at the fixed points and they can be periodic
or not, depending on the twist.
As the shift in the Kaluza-Klein levels corresponding to a given set of generalized
boundary conditions is similar to the shift induced by usual twisted boundary con-
ditions, we can try to relate the two systems. This can be achieved by choosing an
appropriate twist for the “smooth” system, so that eigenfunctions associated to this
twist are now continuous, i. e. different from the previous ones, whereas the mass
spectra remain the same. We can move from one system to the other by using a
local field redefinition. As the physical properties of a quantum mechanical system
are invariant under a local field redefinition, we can therefore state that the two
systems - the one characterized by generalized boundary conditions involving twist
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and jumps and the other characterized only by twist - are equivalent.
Therefore we conclude that there is an entire class of different boundary condi-
tions that correspond to the same spectrum, i. e. to the same physical properties,
with eigenfunctions that are related by field redefinitions. By performing this redef-
inition at the level of the action, we observe, both for the fermionic and the bosonic
cases, that the generalized boundary conditions lead to y-dependent five-dimensional
mass terms that can be even localized at the fixed points. Although sometimes these
terms are singular and an appropriate regularization is required, they are necessary
for the consistency of the theory, as they encode the behaviour of the fields at the
boundaries.
We previously stated that different mass terms, corresponding to different sets
of boundary conditions, can give rise to the same four-dimensional spectrum. Then
it is useful to determine the most general set of five-dimensional mass terms that
correspond to a given mass spectrum, i. e. to a given Scherk-Schwarz twist parame-
ter. In section 2.3 we discuss the conditions that a five-dimensional mass term must
satisfy in order to be associated to a Scherk-Schwarz twist and we find a relationship
between the twist parameter and the Wilson loop obtained by integrating over the
mass terms. We also discuss some examples of equivalent mass terms.
The work done in this first part is quite formal. In sections 2.4 and 2.5 we
discuss some phenomenological applications of our generalized boundary conditions
to gauge symmetry breaking and to supersymmetry breaking respectively. In the
first case we study the breaking of the symmetry of a toy model based on the gauge
group SU(2) and then discuss a realistic model based on SU(5). For the second
example we consider pure five-dimensional supergravity.
In chapter 3 we focus on the problem of flavour symmetry breaking and we
construct a six-dimensional toy model for flavour where the number of generations
arises dynamically as a consequence of the presence of extra dimensions. It is already
known in the literature that extra-dimensional frameworks offer new mechanisms to
obtain four-dimensional chiral fermions. For instance they can originate as zero
modes of higher-dimensional fermions coupled to a solitonic background or, alterna-
tively, to a scalar field with non constant profile in orbifold models, where the same
scalar field forces the fermion to be localized. This can be used to explain the fermion
mass hierarchy, since Yukawa constants are given by the overlap of fermionic and
Higgs wave functions. If the overlap among these functions is different due to their
position in the extra space, we obtain different values for the Yukawa constants and
thus large hierarchies can be generated. There are several variants of this idea, such
as the case of constant Higgs vev and fermions localized in ad hoc regions and also
a scenario with varying Higgs vev and fermion families localized in three different
places. Note that in all of these simple models the number of fermion replica is intro-
5
duced by hand. However it is known that it is possible to obtain an arbitrary number
of four-dimensional chiral fermions by coupling the higher-dimensional fermions to
a topological defect. This fact has been exploited in six-dimensional models and, by
requiring that the winding number of the defect is three, the authors have built a
semi-realistic model for flavour in which three families dynamically arise.
In our toy model we exploit another fact to simultaneously address both the
flavour problem and the question of fermion replica. It is well known that a spinor
in higher dimensions consists of many four-dimensional spinors. For instance a
six-dimensional Dirac spinor contains two left-handed and two right-handed four-
dimensional spinors. After projecting out the unwanted chirality, for example by
orbifolding, we are left with two four-dimensional spinors with the same chirality
and the same quantum numbers, i. e. with two replica of the same fermion. Although
this is insufficient to build a realistic model of flavour since in this scheme we can
obtain only two families, we feel that the study of such a toy model is essential and
it has revealed extremely interesting features that may also apply to a more realistic
theory.
In section 3.2.1 we illustrate the basis of our construction and describe the local-
ization of families in the extra dimensions. We work on the orbifold T 2/Z2 and start
from six vector-like fermions with the Standard Model quantum numbers. With ap-
propriate parity assignments, after orbifolding we obtain two four-dimensional chiral
zero modes for every spinor, which we can identify with (q1L, uR, dR, l1L, eR, νeR) and
(q2L, cR, sR, l2L, µR, νµR). In the absence of other interactions these zero modes have
a constant profile along the extra dimensions, which would suggest that it is impossi-
ble to reproduce the hierarchical fermion spectrum. However the picture drastically
changes if we localize the two families of fermions in different regions of the extra
space, in such a way that the introduction of a non constant Higgs profile can re-
produce the measured fermion mass spectrum. We achieve this aim by adding a
Dirac mass term for every fermion to the lagrangian, where parity assignments to
fields require that the mass should have an odd profile. We thus choose a mass
proportional to the periodic sign function along one of the two extra coordinates
(and constant along the other), with the proportionality constant different for each
fermion. By solving the new equations of motion we obtain the shape of zero modes
that are now localized around the lines where the six-dimensional mass changes sign,
where the amount of localization depends on the absolute value of this mass.
We have described how we obtain two sets of identical four-dimensional fermions
localized in two different regions of the extra space and if we introduce a non con-
stant Higgs vev we can attempt to derive the fermionic mass spectrum. For the sake
of simplicity we adopt a Higgs vev that is completely localized on the brane around
which the second generation lives. In section 3.2.2 we compute the mass spectrum
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and we observe that these masses are naturally hierarchical, or rather from order one
parameters of the fundamental theory we obtain a hierarchical pattern of masses.
Moreover, as Majorana masses are allowed in six dimensions, the smallness of neu-
trino masses could be potentially explained through a higher-dimensional see-saw
mechanism. These results are of course very interesting, but unfortunately our toy
model contains many parameters and therefore its predictability is weak.
In section 3.3 we discuss how to extend our toy model to a more realistic sce-
nario with three generations. As the most promising framework, we suggest a ten-
dimensional space-time, where Majorana masses are allowed and fermions contains
enough four-dimensional components. We have just begun to investigate this pro-
posal and a lot of work is still required. However the toy model we present is
certainly an important step towards a realistic construction that simultaneously
addresses both the flavour and fermion replica problem.
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Chapter 1
Symmetry Breaking in Extra
Dimensions
In this chapter we briefly review the main issues on symmetry breaking in extra
dimensions already present in the literature. In section 1.1 we describe the main
features of the Scherk-Schwarz (SS) mechanism, of the Hosotani mechanism and
of orbifold compactification and we discuss how they can break symmetries. In
particular in section 1.2.1 we consider supersymmetry (SUSY), while in section 1.2.2
we analyze gauge symmetry, discussing in details some examples. In these sections
we also briefly outline some realistic models that exploit these symmetry breaking
mechanisms. Of course this is far from being a complete phenomenological review
on theories in extra dimensions, but we simply discuss some examples in order to
give an idea of the importance of these new methods for symmetry breaking.
Before analyzing in detail the problem of symmetry breaking, we would like to
discuss some general features of theories in extra dimensions. We consider a D-
dimensional space-time (D = 4 + d) of coordinates (xµ, yα) with µ = 0, 1, 2, 3 and
α = 1, ..., d 1. The extra dimensions can be factorizable or non-factorizable. If they
are factorizable the space-time is given by the product of the Minkowsky space
M4 times a compact space C and the line element is ds
2 = ηµν dx
µ dxν + dy2α.
On the contrary, if the space-time is non-factorizable, the line element is ds2 =
a(yα) [ηµν dx
µ dxν ] + dy2α and we cannot isolate M4. From here on we forget this
last case (for references see [14]) and we deal only with factorizable geometry. Before
entering into calculations we have to define the metric. As we shall see, we will adopt
different conventions about the metric in chapters 2 and 3, but the important thing
is that all the spatial coordinates have the same sign.
We suppose to work on the space-time M4×C, where C is a d-dimensional torus
1Alternatively we can use the notation xM with M = 0, 1, 2, 3, 5, ..., D.
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T d of radii R1, ..., Rd. The action in D dimensions is defined by:
SD =
∫
d4x ddyLD(φ, ∂φ) (1.1)
and the four-dimensional (4D) lagrangian is obtained after integration of the com-
pact coordinates yα as
L4 =
∫
ddyLD(φ, ∂φ) . (1.2)
The field φ(xµ, yα) represents a generic field depending on the whole set of coordi-
nates. Since the extra coordinates are compact we can develop φ in Fourier series
along yα:
φ(xµ, yα) =
∞∑
n1...nd=−∞
e
i
( n1
R1
y1 + ...+
nd
Rd
yd
)
φn1...nd(x
µ) , ni ∈ Z . (1.3)
Each φn1...nd(x
µ) is a 4D field called Kaluza-Klein (KK) mode. From a 4D point of
view it corresponds to a field of mass square
m2n1...nd =
( n1
R1
)2
+ ...+
( nd
Rd
)2
. (1.4)
We can show this with a simple example, supposing φ to be a real massless D-
dimensional scalar field. The lagrangian reads:
LD = 1
2
∂Mφ ∂
Mφ (1.5)
and the corresponding equation of motion2 is:
∂µ∂
µφ+ ∂y1∂
y1φ+ ...+ ∂yd∂
ydφ = 0 . (1.6)
Substituting eq. (1.3) into eq. (1.6) we obtain:
∞∑
n1...nd=−∞
e
i
( n1
R1
y1 + ...+
nd
Rd
yd
)
× (1.7)
×
[
∂µ∂
µφn1...nd(x
µ)−
( n1
R1
)2
φn1...nd(x
µ)− ...−
( nd
Rd
)2
φn1...nd(x
µ)
]
= 0
2Here we choose to work with the metric ηMN = diag(−1,+1, ...,+1).
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which is equivalent to
∂µ∂
µφn1...nd(x
µ)−
[( n1
R1
)2
+ ...+
( nd
Rd
)2]
φn1...nd(x
µ) = 0 ∀ n1...nd . (1.8)
Eq. (1.8) is precisely the equation of motion of a 4D massive scalar field with mass
given by eq. (1.4). Masses mn1...nd are called KK levels.
After this brief reminder on field theory in extra dimensions we can proceed with
the analysis of symmetry breaking, following the lines of ref. [15].
1.1 Mechanisms of Symmetry Breaking
1.1.1 Compactification
We consider the space-time M4 ×C, where M4 is the usual Minkowsky space while
C is a compact d-dimensional space. In general we can write C = M/G, where
M is a (non-compact) manifold and G is a discrete group acting freely on M by
operators τg : M → M for g ∈ G. M is defined the covering space of C. That
G is acting freely on M means that only τı has fixed points in M , where ı is the
identity in G. In our case we have τı(y) = y, ∀y ∈ M . The operators τg constitute
a representation of G, which means that τg1g2 = τg1 · τg2 . Finally C is constructed
by the identification
y ≡ τg(y) . (1.9)
To be more concrete we focus on a simple example with one extra dimension.
We take M = R, G = Z and C = S1 (the circle). The n-th element of the group Z
can be represented by τn with
τn(y) = y + 2πnR , y ∈ R , n ∈ Z (1.10)
where R is the radius of the circle S1. The identification (1.9) leads to the funda-
mental domain of length 2πR, the circle, as [y, y+2πR) or (y, y+2πR]. The interval
must be opened at one end because y and y+2πR describe the same point in S1 and
should not be counted twice. Any choice for y leads to an equivalent fundamental
domain in the covering space R. A convenient choice is y = −πR which leads to the
fundamental domain (−πR, πR].
After the identification (1.9) the physics should not depend on individual points
in M but only on points in C. This means:
SD[φ(x, y)] = SD[φ(x, τg(y))] . (1.11)
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A sufficient condition to fulfill eq. (1.11) is
φ(x, τg(y)) = φ(x, y) (1.12)
which is known as ordinary compactification. However condition (1.12) is sufficient
but not necessary. In fact a more general condition to satisfy eq. (1.11) is provided
by
φ(x, τg(y)) = Tgφ(x, y) (1.13)
where Tg are the elements of a symmetry group of the theory. Condition (1.13) is
known as SS compactification and and will be the subject of the next section.
1.1.2 The Scherk-Schwarz Mechanism
The Scherk-Schwarz mechanism was introduced in 1979 first for “external” symme-
tries, i. e. that do not involve the space-time [9], and then for “internal” symmetries
involving space-time transformations [10]. It applies to theories which are invariant
under the transformations of some symmetry group and it occurs when the operator
Tg (g ∈ G) of eq. (1.13) is different from the identity. We say that in this case
we have a twist. The operators Tg are a representation of the group G acting on
field space, i. e. they satisfy the property: Tg1g2 = Tg1Tg2, g1, g2 ∈ G. The SS com-
pactification reduces to ordinary compactification when Tg = 1, ∀g ∈ G. Both for
ordinary and SS compactifications fields are functions on the covering space M , but
while for ordinary compactification fields are also functions on the compact space
C, in the twisted case fields are not single-valued on C.
In order to give a simple explanation of how this mechanism works, we consider
the example of the previous section. We work on the circle S1 and we have G = Z.
This group has infinitely many elements but all of them can be obtained from just
one generator, the translation 2πR. Then only one independent twist can exist
acting on the fields, as
φ(x, y + 2πR) = T φ(x, y) , (1.14)
while twists corresponding to the other elements of Z are just given by Tn = T
n.
For simplicity we consider one complex scalar field φ and we assume that the theory
is invariant under U(1) transformations on this field. Then T can be written as:
T = e2πiβ . (1.15)
With this twist φ is no more periodic and the development in Fourier series becomes:
φ(xµ, y) = e
i
β
R
y ∞∑
n=−∞
e
i
n
R
y
φn(x
µ) . (1.16)
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If we calculate the KK levels we observe that they are shifted by a constant amount
and precisely they are:
mn =
n + β
R
. (1.17)
If instead of a single field we consider a multiplet of some symmetry group F and
we assign different periodicity conditions to different members of the multiplet, we
will obtain a breaking of F in 4D, since after compactification some components of
the multiplet will have the usual KK levels, while others will have levels shifted by
a constant amount. In particular if we look at the zero modes, only periodic fields
maintain them and the symmetry F , at the level of the zero modes, is spoiled.
All what discussed above can be easily generalized to p-extra dimensions, with
M = Rp, G = Zp and C = T p is the p-torus. In that case the torus periodicity is
defined by a lattice vector ~v = (v1, . . . , vp), where vi = 2πRi and Ri are the different
radii of T p. Twisted boundary conditions are defined by p independent twists given
by Ti
φ(x, yi + 2πRi) = Ti φ(x, y
i) . (1.18)
1.1.3 Orbifold
Firstly introduced in string theory, orbifolding is a technique used to obtain chiral
fermions from a (higher-dimensional) vector-like theory [11]. Orbifold compactifica-
tion can be defined in a similar way to ordinary or SS compactification. Let C be
a compact manifold and H a discrete group represented by operators ζh : C → C
for h ∈ H acting non freely on C. We mod out C by H by identifying points in C
which differ by ζh for some h ∈ H and require that fields defined at these two points
differ by some transformation Zh, a global or local symmetry of the theory:
y ≡ ζh(y)
φ(x, ζh(y)) = Zhφ(x, y) . (1.19)
The fact that H acts non-freely on C means that some transformations ζh have fixed
points in C. The resulting space O = C/H is not a smooth manifold but it has
singularities at the fixed points: it is called orbifold.
To illustrate this with a simple example we continue with the case analyzed in
the previous section with d = 1 and C = S1. Now we can take H = Z2 and the
resulting orbifold is O = S1/Z2. The action of the only non-trivial element of Z2
(the inversion) is represented by ζ where
ζ(y) = −y (1.20)
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that obviously satisfies the condition ζ2(y) = ζ(−y) = y ⇒ ζ2 = 1. For fields we
can write as in (1.19)
φ(x,−y) = Z φ(x, y) (1.21)
where using (1.20) and (1.21) one can easily prove that Z2 = 1. This means that in
field space Z is a matrix that can be diagonalized with eigenvalues ±1. The orbifold
S1/Z2 is a manifold with boundaries and the boundaries are the fixed points. Its
fundamental domain is a segment of length πR and can be chosen to be the interval
[0, πR]; the fixed points are precisely 0 and πR. While all orbifolds possess fixed
points, not all possess boundaries: for example in d = 2, T 2/Z2 is a “pillow” with
four fixed points and no boundaries.
How this orbifold can break a symmetry? Suppose that φ is a collection of N
fields which form a multiplet of some symmetry group F of the lagrangian and
suppose that the matrix Z does not coincide with the identity. We can choose Z
with the first p entries equal to +1 and the remaining (N − p) equal to −1. This
means that the first p fields are even, while the others are odd. When we develop
them in KK modes we obtain for the even fields
φ+(xµ, y) =
∞∑
n=0
cos
( n
R
y
)
φ+n (x
µ) (1.22)
and for odd fields
φ−(xµ, y) =
∞∑
n=1
sin
( n
R
y
)
φ−n (x
µ) . (1.23)
We observe that the Z2-symmetry projects out half of the tower of the KK modes of
eq. (1.3). Moreover, after orbifolding, only even fields maintain a zero mode. From
the 4D point of view the symmetry F is broken down to a symmetry group H ⊂ F .
1.1.4 The Scherk-Schwarz Mechanism on Orbifold
In this section we analyze the behaviour of the SS mechanism on orbifold. In order
to discuss the conditions holding among the operators defining the orbifold parity
and those defining the twist, we begin by remembering how these operators were
introduced. We started from a non-compact space M with a discrete group G acting
freely on the covering space M by operators τg (g ∈ G) and defining the compact
space C = M/G. The elements g ∈ G are represented on field space by operators
Tg, eq. (1.13). Subsequently we introduced another discrete group H acting non-
freely on C by operators ζh (h ∈ H) and represented on field space by operators Zh,
eq. (1.19). We can always consider the group H as acting on elements y ∈ M and
then considering both G and H as subgroups of a larger discrete group J . Since in
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general τg · ζh(y) 6= ζh · τg(y), this means that g · h 6= h · g so we can conclude that
J is not the direct product G⊗H . Furthermore the twists Tg have to satisfy some
consistency conditions. In fact from eqs. (1.13) and (1.19) one can easily deduce a
set of identities as
TgZh φ(x, y) = φ(x, τg · ζh(y)) ≡ Zgh φ(x, y)
ZhTg φ(x, y) = φ(x, ζh · τg(y)) ≡ Zhg φ(x, y)
Tg1 Zh Tg2 φ(x, y) = φ(x, τg1 · ζh · τg2(y)) ≡ Zg1hg2 φ(x, y) (1.24)
where g1, g2, h are considered as elements in the larger group J . The conditions
(1.24) impose compatibility constraints in particular orbifold constructions with
twisted boundary conditions as we will explicitly illustrate in the following example.
We continue by analyzing the simple case of the orbifold S1/Z2 with twisted
boundary conditions. In this case there is only one independent group element for
G = Z which is the translation τ(y) = y + 2πR while the orbifold group H = Z2
contains only the inversion ζ(y) = −y. First of all, notice that the translation and
the inversion do not commute to each other. In fact ζ · τ(y) = −y − 2πR while
τ · ζ(y) = −y+2πR. It follows then that ζ · τ · ζ = τ−1 and τ · ζ · τ = ζ , which imply
the consistency condition on the possible twist operators
Z T Z = T−1 ⇔ T Z T = Z , (1.25)
as can be easily deduced from eq. (1.24) [16, 17].
We now give an explicit example of how this condition constraints the twist T .
We consider a theory invariant under SU(2) transformations and we choose Φ to be
a doublet of fields. Now both the parity Z and the twist T are 2×2 matrices. There
are two possibilities for Z: Z = σ3 or Z = ±1. If we require that condition (1.25)
is satisfied, we obtain:{
Z = σ3 ⇒ T = e2πi(β1σ1 + β2σ2)
Z = ±1 ⇒ T = ±1 , (1.26)
where β1,2 are real parameters. In the case of Z = σ
3, using a global residual
invariance, we can rotate (β1, β2)→ (0, ω) and consider twists given by
T = e2πiωσ
2
=
(
cos 2πω sin 2πω
− sin 2πω cos 2πω
)
. (1.27)
The twist (1.27) is a continuous function of ω and so it is continuously connected
with the identity that corresponds to the trivial no-twist solution (i. e. ω = 0).
In this way eq. (1.27) describes a continuous family of solutions to the consistency
condition (1.25). In the case of Z = ±1 eq. (1.25) implies that boundary conditions
can be either periodic or anti-periodic, i. e. T = ±1.
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1.1.5 The Hosotani Mechanism
In this section we illustrate another symmetry breaking mechanism that applies to
local symmetries and it has been introduced by Hosotani in 1983 [12]. It is based on
the fact that the extra-dimensional components of a gauge field can acquire a vev,
breaking the gauge symmetry itself. We show the main features of this mechanism
in a simple example in 5D, without discussing the problem of the origin of the vev.
We consider the space-time M4 × S1 and a gauge theory based on SU(2). We
write down the 5D lagrangian and we focus on the quadri-linear part which contains
the terms
A5iAνj (Ai5A
j
ν − Aj5Aiν) , (1.28)
where i = 1, 2, 3 are the SU(2) indices. We now assume that the fifth component
of A3M acquires a vev: 〈A35〉 6= 0. This may have a dynamical origin, coming from
the minimization of the 1-loop effective potential in the presence of matter fields, as
discussed in [12]. If we substitute this into eq. (1.28) we obtain:
〈A35〉2 (Aν1A1ν + Aν2A2ν) . (1.29)
This is a mass term for fields A1,2ν . If we calculated the KK spectrum for gauge
fields, we would obtain the usual KK spectrum for A3ν , while the KK levels for A
1,2
ν
would be shifted by a constant amount proportional to 〈A35〉. From a 4D point of
view the symmetry SU(2) is broken down to U(1). The vev 〈A35〉 is a continuous
parameter so it can be made as small as we want and we can move continuously
from a phase of broken symmetry to another in which it is restored.
1.1.6 Scherk-Schwarz vs Hosotani
In this section we will show that if the symmetry exploited by the SS mechanism
is local, this symmetry breaking mechanism is equivalent to a Hosotani breaking,
where the extra-dimensional components of the corresponding gauge fields acquire
a vev.
For simplicity we consider the case studied before of a 5D gauge theory based
on SU(2). Now we do not postulate anything on the fifth component of the gauge
fields, but we assign the following twist to the fields: A1MA2M
A3M
 (y + 2πR) =
 cos β sin β 0− sin β cos β 0
0 0 1
 A1MA2M
A3M
 (y) (1.30)
The corresponding spectrum is:
m1,2 =
n
R
− β
2πR
m3 =
n
R
. (1.31)
1.2. PHENOMENOLOGICAL IMPLICATIONS 17
Also in this case we observe that from a 4D point of view SU(2) is broken down to
U(1). Moreover if we make the identification
β = −2πR〈A35〉 , (1.32)
the spectrum (1.31) is identical to the one calculated in the Hosotani scheme. Are
these two systems really equivalent? The answer is yes, and it was given by Hosotani
himself in one of his papers. He showed that by performing a gauge transformation
with non periodic parameters one can switch from one picture to the other. In
particular if we start from the Hosotani scheme, in which fields are periodic and
〈A35〉 6= 0, and we perform the gauge transformation
A′M = Ω
†AMΩ− Ω†∂MΩ (1.33)
with
Ω = e
i〈A35〉
σ3
2
y
, (1.34)
we observe that 〈A3′5 〉 = 0. But this is not the only effect of the gauge transformation.
Indeed now fields A′M are twisted and the twist is precisely the one of eq. (1.30) with
β given by (1.32).
In both pictures the symmetry is broken and we would like to have an order
parameter for symmetry breaking which is gauge independent. Such a parameter
exists and it is the Wilson line defined in the following way:
W = P exp
{
ig
∫ 2πR
0
dyA5(y)
}
, (1.35)
where P is a path-ordered integral.
1.2 Phenomenological Implications
In this section we apply the methods described above to gauge symmetry and SUSY.
The literature offers many realistic models in which these symmetries are broken by
means of the previously discussed mechanisms. Of course we cannot discuss here all
the existing theories, thereby we choose two models which we consider particularly
suitable to our scopes. The first one, which we adopt to describe SUSY breaking,
was studied in ref. [17] and developed in [18]. It uses the orbifold projection and the
SS compactification to obtain the 4D Standard Model (SM) starting from a SUSY
theory in 5D. The second one, which we adopt to describe gauge symmetry breaking,
was introduced in ref. [19], extended to include fermions in ref. [20] and completed
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in a realistic theory in refs. [21, 22]. It is a 5D SUSY Grand Unified Theory (GUT)
based on the gauge group SU(5) which reduces to the SM through orbifold and SS
compactification.
1.2.1 Supersymmetry Breaking
The model we consider is a 5D theory defined on the space-time M4 × S1/Z2. It
possesses N = 1 SUSY in 5D, which corresponds to N = 2 in 4D. Non-chiral matter,
as the gauge and Higgs sectors of the theory, lives in the bulk of the fifth dimension,
while chiral matter, i. e. the three generations of quarks and leptons and their
superpartners, lives on the 4D boundary, i. e. at the fixed points of the orbifold.
In 5D, the vector supermultiplet (VM , λ
i
L,Σ) of an SU(N) gauge theory consists
of a vector boson VM (M = 0, . . . , 3, 5), a real scalar Σ and two bispinors λ
i
L (i = 1, 2)
(which are symplectic Majorana spinors), all in the adjoint representation of SU(N).
The 5D lagrangian is given by
L = 1
g2
Tr
[
− 1
2
F 2MN + |DMΣ|2 + iλiγMDMλi − λi[Σ, λi]
]
. (1.36)
The 5D matter supermultiplet, (Hi,Ψ), consists of two scalar fields, Hi (i = 1, 2),
and a Dirac fermion Ψ = (ΨL,ΨR)
T . We consider two matter supermultiplets,
(Hai , Ψ
a) (a = 1, 2), associated with the two Higgs doublets of the Minimal Super-
symmetric Standard Model (MSSM). The lagrangian for the matter supermultiplet
interacting with the vector supermultiplet is:
L = |DMHai |2 + iΨaγMDMΨa − (i
√
2H†ia λiΨ
a + h.c.)−ΨaΣΨa
− H†ia Σ2Hai −
g2
2
∑
m,α
[H†ia (σ
m)jiT
αHaj ]
2 , (1.37)
where σm are the Pauli matrices. The lagrangians of eqs. (1.36) and (1.37) have
an SU(2)R × SU(2)H global symmetry under which the fermionic fields transform
as doublets, λi ∈(2,1), Ψa ∈(1,2), while Higgs bosons transform as bidoublets
Hai ∈(2,2). The rest of the fields in the vector multiplet are singlets.
The model based on the SM gauge group is constructed from the above la-
grangians. It contains 5D vector multiplets in the adjoint representation of SU(3)×
SU(2) × U(1) [(8,1,0)+(1,3,0)+(1,1,0)] and two Higgs hypermultiplets in the rep-
resentation [(1,2,1/2)+(1,2,-1/2)]; the chiral matter is located on the boundary and
contains the usual chiral N = 1 4D multiplets3.
3For details on auxiliary fields, SUSY transformations, etc. see ref. [15].
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Even fields Odd fields
Vµ H
2
2 H
1
1 V5,Σ H
2
1 H
1
2
λ1L Ψ
2
L Ψ
1
R λ
2
L Ψ
2
R Ψ
1
L
Table 1.1: Parity assignments for the vector multiplet and the Higgs hypermultiplets.
Vector multiplet Hypermultiplets
V
(n)
µ Σ(n) H
1 (n)
1 H
1 (n)
2 H
2 (n)
1 H
2 (n)
2
λ
1 (n)
L λ
2 (n)
L Ψ
1 (n) Ψ2 (n)
Table 1.2: N = 2 4D multiplets for massive KK modes.
Since we work on an orbifold we have to impose consistent parity assignments to
fields. These are displayed in table 1.1, where we have rearranged fields in compo-
nents of N = 1 D = 4 SUSY multiplets that are disposed along the same column.
We observe that, for n 6= 0, KK levels form massive N = 2 4D multiplets. The V (n)5
field is eaten by the vector V
(n)
µ to become massive while λ
1 (n)
L and λ
2 (n)
L become
the components of a massive Dirac fermion. These fields together with Σ(n) form an
N = 2 vector multiplet. H
a (n)
i and Ψ
a (n) form two N = 2 hypermultiplets. These
are displayed in table 1.2. On the contrary if we consider the zero modes we are
left only with even fields which form N = 1 chiral multiplets, evidence that we still
have a SUSY theory. In particular we see that the massless spectrum of this model
coincide with the MSSM. Finally we observe that at the fixed points odd fields van-
ish ∀n. This means that at boundaries we have N = 1 SUSY, while N = 2 holds
only in the bulk for massive modes.
Here we have shown how SUSY can be reduced by orbifold projection. However
we still have a residual N = 1 SUSY which, in order to obtain the SM, should
be broken. To perform this further breaking we use the SS mechanism and the
symmetries we exploit for twisting fields are SU(2)R and SU(2)H . We impose the
following periodicity conditions:(
λ1
λ2
)
= eiqRσ2y/R
(
λ˜1
λ˜2
)
,(
Ψ1
Ψ2
)
= eiqHσ2y/R
(
Ψ˜1
Ψ˜2
)
,(
H11 H
1
2
H21 H
2
2
)
= eiqHσ2y/R
(
H˜11 H˜
1
2
H˜21 H˜
2
2
)
e−iqRσ2y/R . (1.38)
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Other fields are periodic, since they are singlets under SU(2)R × SU(2)H . After
the integration over the fifth dimension we obtain the following mass spectrum for
n 6= 0:
Lm1 = 1
R
{(
λ
1 (n)
L λ
2 (n)
L
)(
qR n
n qR
)(
λ
1 (n)
L
λ
2 (n)
L
)
+
+
(
Ψ
1 (n)
L Ψ
2 (n)
L
)(
n −qH
qH −n
)(
Ψ
1 (n)
R
Ψ
2 (n)
R
)
+ h.c.
}
− (1.39)
− 1
R2
(
H
(n)†
0 H
(n)†
2 H
(n)†
1 H
(n)†
3
)
MH

H
(n)
0
H
(n)
2
H
(n)
1
H
(n)
3

with
MH =

n2 + q2− −2inq−
2inq− n
2 + q2−
n2 + q2+ −2nq+
−2nq+ n2 + q2+
 (1.40)
where we have redefined the scalar fields as Hai = Hµ(σ
µ)ai , σ
µ ≡ (1, ~σ), and q± =
qH ± qR. Therefore the massive KK modes are now given by two Majorana fermions
(λ
1 (n)
L ±λ2 (n)L ) with masses |n±qR|, two Dirac fermions, (Ψ1 (n)±Ψ2 (n)) with masses
|n±qH |, and four scalars, (H(n)0 ±i H(n)2 ) and (H(n)1 ±H(n)3 ) with masses |n±(qR−qH)|
and |n ± (qR + qH)| respectively. The mass spectrum of the fields V (n)µ , V (n)5 and
Σ(n) is not modified by the SS compactification, since they are periodic.
For n = 0, we have
Lm2 = 1
R
{
qRλ
1 (0)
L λ
1 (0)
L + qHΨ
2 (0)
L Ψ
1 (0)
R + h.c.
}
− 1
R2
{
(qR − qH)2
∣∣∣H(0)0 ∣∣∣2 + (qR + qH)2 ∣∣∣H(0)3 ∣∣∣2} . (1.41)
The massless spectrum now consists of only the n = 0 mode of the vector fields
V µ. Nevertheless a massless scalar Higgs can be obtained if either qR − qH = n or
qR+qH = n (n ∈ Z) are satisfied. Therefore, after SS compactification, the massless
spectrum of the model can be reduced to the SM, with one or two Higgs doublets.
From eq. (1.41) we can see how the SS mechanism breaks SUSY in the massless
sector: it provides a mass for gauginos M1/2 = qR/R and a mass for Higgsinos
µ = qH/R, providing an extra-dimensional solution to the MSSM µ-problem.
As we said before, the fermionic sector is localized at y = 0. Since the theory
is SUSY there are scalar partners for all fermions (squarks and sleptons) which are
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massless at tree level. How can we break this SUSY? Sfermions (like fermions) are
4D, so we cannot break it through compactification, since they are independent from
the fifth coordinate. But if we calculate the radiative correction [18] we find non
vanishing contributions to the sfermions masses both from the gauge and the Higgs
sectors at one loop. These contributions are finite and transmit SUSY breaking
from the bulk to the boundaries.
In the model just described, after compactification, we are left with the SM,
with its good qualities but also its defects. In particular we have not improved our
knowledge of electroweak symmetry breaking (ESB). However this can be done with
little modifications, as it is shown in ref. [23] where a realistic and testable model
have been built. At variance with before, now also fermions live in the bulk and only
one Higgs field is introduced. The two SUSYs are broken with two orbifolds, which
is equivalent to the previous case with an appropriate twist parameter. The novelty
is that ESB is triggered by the interactions of the top quark KK modes with the
Higgs. These give rise to an effective potential which contains a negative mass scale
depending on the compactification scale R which induces spontaneous breaking.
The Fermi constant can thus be used to determine R which results to be R−1 =
352±20 GeV ; consequently the Higgs mass turns out to be mH = 127±8 GeV . This
predictions, and others which are discussed in the paper, make this model testable
at LHC.
1.2.2 Gauge Symmetry Breaking
We begin with the model introduced by Kawamura in ref. [19] and then extended
in ref. [20] with the introduction of fermions. It is a 5D SUSY theory defined on the
orbifold S1/Z2×Z′2 based on the gauge group SU(5). The bulk fields content is the
following: there is a vector multiplet V = (AαM , λ
1α
L , λ
2α
L ,Σ
α), with α = 1, ..., 24 and
M = µ, 5, which forms an adjoint representation of SU(5), and two hypermultiplets
H1 and H2 equivalent to four chiral multiplets H5, Ĥ5, Ĥ5 and H5 which form two
fundamental representations of SU(5). The gauge vector bosons are the fields AαM :
AaM with a = 1, ..., 12 are the SM vector bosons , while A
aˆ
M with aˆ = 13, ..., 24 are
those of the coset SU(5) / SU(3)× SU(2)× U(1). The bulk lagrangian is given by
eqs. (1.36) - (1.37).
Parity assignments, displayed in table 1.3, are given is such a way that Z2 breaks
one 4D SUSY, while Z′2 breaks SU(5) down to SU(3) × SU(2) × U(1). After orb-
ifolding we thus obtain a massless spectrum which contains the vector bosons of
the SM, Aaµ, their SUSY partners, λ
2a
L , and two Higgs doublets H
D
u and H
D
d which
are precisely the fields of the MSSM. These boundary conditions solve the doublet-
triplet splitting problem, since while the doublet is massless, the lightest triplet
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Fields (Z,Z ′) m
Aaµ, λ
2a
L , H
D
u , H
D
d (+,+)
2n
R
Aaˆµ, λ
2aˆ
L , H
T
u , H
T
d (+,−) 2n+1R
Aaˆ5,Σ
aˆ, λ1aˆL , Ĥ
T
u , Ĥ
T
d (−,−) 2n+1R
Aa5,Σ
a, λ1aL , Ĥ
D
u , Ĥ
D
d (−,+) 2n+2R
Table 1.3: Boundary conditions and spectra for fields in the Kawamura model.
mode has mass of order R−1. Since the unification of gauge couplings is achieved
at the compactification scale, it is natural to identify R−1 with MGUT ∼ 1016 GeV .
We observe that the compactification scale is here much bigger then in the model
of the previous section.
What about fermions? Although they are already present, localized on the brane,
in the model of ref. [19], what follows is based on ref. [20] which offers a more
detailed description. Fermions cannot live in the bulk, unless we double the number
of matter fields. Moreover constant Yukawa couplings respecting also SU(5) lead
to vanishing up-type quark mass. Then matter fields and their SUSY partners are
introduced as multiplets of the SM gauge groups. Proton decay is analyzed and
it is shown it cannot proceed via tree-level Higgsino or gauge boson exchange for
any parity assignment compatible with non vanishing fermion masses. Appropriate
parity assignments can also forbid 4D and 5D B/L violating operators, playing the
roˆle of R-parity symmetry. The problem of proton decay is thus solved and the good
properties of traditional GUTs are maintained. Indeed fermion mass relations are
preserved, Dirac and Majorana neutrino masses can be included and the see-saw
mechanism can be realized.
Although it solves two of the problems of 4D GUTs, the model described above
is far from being a realistic theory. First of all SUSY has still to be broken and then
we do not have yet a realistic fermion mass spectrum. A first step in the direction
of building a realistic model have been done in ref. [21], while a complete 5D GUT
is constructed in ref. [22].
The model introduced by Hall and Nomura is an upgrade of previous models,
although it is based on the orbifold S1/Z2 rather than on S
1/Z2 × Z′2. However we
could demonstrate there is an equivalence between the orbifold and the SS mecha-
nism, so in this case the roˆle of the second parity is played by a twist. Moreover,
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Figure 1.1: Locations of matter, Higgs and gauge multiplets in the model of ref. [22].
at variance with parity, the twist parameter can be continuous and we will see that
on this fact is based the breaking of the residual SUSY. The gauge and Higgs fields
content is identical to the one of previously described models, with fields in the bulk
and boundary conditions breaking SU(5) and one SUSY. The grand unified group is
broken on the brane at y = πR, while elsewhere it remains unbroken. This structure
allows the introduction of three types of fields: 4D N = 1 superfields localized on
the y = 0 brane in representations of SU(5), 4D N = 1 superfields on the y = πR
brane in representations of the SM gauge group, and bulk fields forming 5D N = 1
supermultiplets in representations of SU(5). In order to preserve the understanding
of matter quantum numbers given by SU(5), at variance with ref. [20] where they
were introduced in representation of the SM, here quarks and leptons are put either
in the bulk or on the brane at y = 0, in SU(5) representations. In principle one
can choose where to put fermions for each SU(5) representation in each generation
but in practice the choice is unique if we want a realistic theory. In agreement with
ref. [20], the authors show that Yukawa interactions are forbidden in the bulk by
5D SUSY, but they also demonstrate that if all the matter fields were localized on
the brane, too rapid proton decay would be induced. In order to avoid this, and
considering also the size of the top Yukawa coupling and b/τ unification, they find
that the location of the 10 of the first and third generations and of the 5¯ of the
third is uniquely determined. The location of other fermions is instead determined
after the breaking of the residual SUSY, which will be discussed in a while. The
final location of all the fields of the model is represented in fig. 1.1. SUSY is broken
by a SS mechanism with twist parameter α, analogously to what done in the previ-
ous section. Since the breaking parameter is continuous, at variance with the twist
that breaks SU(5) which is discrete, this SUSY breaking can be reinterpreted a` la
Hosotani, that is we have spontaneous symmetry breaking.
After the introduction of all the fields, and after compactification with appro-
priate boundary conditions, we are left with the SM fields. Then it is possible to
work out the predictions of the model. First of all the fermion mass spectrum is
calculated and, even if a part of the hierarchy must be introduced by hands with
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appropriate Yukawa couplings, it is interesting to observe that we have the typical
SU(5) mass relation (mb = mτ ) only for the third generation, while there is a small
mixing of the first two generations with the third. Neutrino masses are generated
via the see-saw mechanism and large mixing is found in the neutrino sector. Also the
superpartners spectrum is calculated. In this model SUSY breaking effects depend
only on one parameter. With a particular choice of this parameter it is possible to
give predictions for αs(MZ) and mb(MZ) which are in good agreement with data.
Moreover they calculate branching ratios for flavour violation lepton decays which
are found to be close to the present experimental limits. A limit on proton decay is
estimated and it results to be of order of 1034 years. The first possible direct exper-
imental signal should be the observation of scalar fermions. Thus we can say that
also this model is realistic and testable, although it depends on more parameters
than the model of ref. [23].
Chapter 2
Symmetry Breaking via
Generalized Scherk-Schwarz
Mechanism
In section 1.1 we have described in details the SS mechanism. We have seen that
on a circle S1 one can twist the periodicity conditions on the fields by a symmetry
of the action. The result is a shift in the KK levels of the spectrum and this can be
used to break symmetries. In this chapter we deal in more detail with the orbifold
S1/Z2. Since an orbifold contains fixed points, the boundary conditions are fully
specified not only by the periodicity of field variables, but also by the possible jumps
of the fields across the orbifold fixed points. These jumps are forbidden on manifolds,
where the fields are required to be smooth everywhere, but are possible on orbifolds
at the singular points, provided the physical properties of the system remain well
defined.
In section 2.1, following the lines of ref. [24], we study the general boundary con-
ditions for fermions and we calculate spectrum and eigenfunctions. Along similar
lines, in section 2.2, based on ref. [25], we study the bosonic case. In both cases
KK levels are shifted precisely as in the SS mechanism and a field redefinition exists
mapping discontinuous fields into continuous, twisted ones. Since the spectra are
identical, generalized boundary conditions can be used to break symmetries, as in
the case of twisted boundary conditions. In section 2.4 we exploit them to break
gauge invariance, as described in refs. [25, 26], while in section 2.5 we apply our
considerations to SUSY breaking, as shown in refs. [27, 28]. From the point of view
of the spectrum the two mechanisms are identical; which are the differences? For
free theories the difference is only in the explicit form of the 5D mass terms. Gener-
alized boundary conditions lead to y-dependent mass terms while twisted boundary
25
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conditions produce constant ones. Different mass terms can give rise to the same
4D spectrum and it is useful to determine the most general set of mass terms that
correspond to a given spectrum. All this is analyzed in section 2.3, following the
lines of ref. [27].
All along this chapter we will work in a 5D space-time with the extra coordinate
compactified on the orbifold S1/Z2. The metric ηMN and the Γ matrices we use are
defined in the first part of appendix A.
2.1 Generalized Boundary Conditions for Fermions
2.1.1 Boundary Conditions for Fermionic Fields on S1/Z2
We consider a generic 5D theory compactified on the orbifold S1/Z2 and we introduce
a set of n 5D fermionic fields Ψ(x, y), which we classify in representations of the 4D
Lorentz group. We define the (T,Z2) transformations of the fields by
Ψ(y + 2πR) = Uβ Ψ(y)
Ψ(−y) = Z Ψ(y) , (2.1)
where Uβ and Z are constant unitary matrices and Z has the property Z
2 = 1. It is
not restrictive for us to take a basis in which Z is diagonal, with the first p entries
equal to +1 and the remaining (n− p) equal to −1.
We look for boundary conditions on the fields Ψ(x, y) in the general class
Ψ(γ+) = Uγ Ψ(γ
−) , (2.2)
where γ = (0, π, β), γ± = (0±, πR±, y±) and Uγ are constant 2n× 2n matrices1. We
have defined 0± ≡ ±ξ, πR± ≡ πR±ξ, y− ≡ y0 and y+ ≡ y0+2πR. Here ξ is a small
positive parameter and y0 is a generic point of the y-axis, for convenience chosen
between −πR + ξ and −ξ. Uβ is the operator associated with the twist, while U0,π
define the possible discontinuities of fields at the fixed points.
We will now constrain Uγ by imposing certain consistency requirements on our
theory. The spectrum of the theory is determined by the eigenmodes of the momen-
tum along y, represented by the differential operator −i∂y . In order to deal with a
good quantum mechanical system, we demand that this operator is self-adjoint with
respect to the scalar product:
〈Ψ|Φ〉 =
∫ 0−
y−
dy Ψ†(y)Φ(y) +
∫ πR−
0+
dy Ψ†(y)Φ(y) +
∫ y+
πR+
dy Ψ†(y)Φ(y) , (2.3)
1In fact to each fermion corresponds a 2× 2 matrix, since a 5D spinor is composed by two 4D
Weyl spinors.
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where the limit ξ → 0 is understood. If we consider the matrix element 〈Ψ| (−i∂yΦ)〉
and we perform a partial integration we obtain:
〈Ψ| (−i∂yΦ)〉 = 〈(−i∂yΨ) |Φ〉+
+ i
[
Ψ†(0−)Φ(0−)−Ψ†(y−)Φ(y−) + Ψ†(πR−)Φ(πR−)− (2.4)
− Ψ†(0+)Φ(0+) + Ψ†(y+)Φ(y+)−Ψ†(πR+)Φ(πR+)] .
A necessary condition for the self-adjointness of the operator −i∂y is that the square
bracket vanishes. However this is not sufficient, in general. To guarantee self-
adjointness, the domain of the operator −i∂y should coincide with the domain of its
adjoint. In other words, we should impose conditions on Φ(y) in such a way that
the vanishing of the unwanted contribution implies precisely the same conditions on
Ψ(y). We observe that if Uγ are unitary all these requirements are satisfied and the
operator is self-adjoint.
Finally, we should take into account consistency conditions among the twist, the
jumps and the orbifold projection. If we combine a translation T with a reflection
Z2, we have seen that the operators Uβ and Z must satisfy the relation (1.25):
Uβ Z Uβ = Z. An analogous relation is also obtained if we combine a jump with
a reflection. Finally, each of the two possible jumps should commute with the
translation T . We thus have:
Uγ Z Uγ = Z γ ∈ (0, π, β) ,
[U0, Uβ] = 0 , (2.5)
[Uπ, Uβ] = 0 .
If [Z, Uγ] = 0, then U
2
γ = 1 and twist and/or jumps have eigenvalues ±1. In partic-
ular, if also U0 and Uπ commute, there is a basis where they are all diagonal with
elements ±1: in this special case the boundary conditions do not involve any con-
tinuous parameter. When [Z, Uγ] 6= 0 or when [U0, Uπ] 6= 0 continuous parameters
can appear in Uγ .
In summary the most general boundary conditions for a set of n 5D fermionic
fields are
Ψ(γ+) = Uγ Ψ(γ
−) with U †γUγ = 1 (2.6)
and Uγ satisfying conditions (2.5). Obviously, in order to assign these generalized
boundary conditions to fermions, Uγ must be a symmetry of the theory.
2.1.2 One Fermion Field
To illustrate how these general boundary conditions determine the physics, we focus
now on the case of a single 5D fermion. We start by deriving the lagrangian and
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the equation of motion in terms of 4D spinors and then we solve it with general
boundary conditions.
A 5D spinor is composed by two 4D Weyl spinors and can be represented with
different notations:
Φ =
(
ψ1
ψ2
)
(A)
Ψ =
(
ψ1
ψ2
)
(B)
. (2.7)
With notations (A) we have Φ = (ψ2 ψ1) while with notations (B) we have Ψ =
(ψ1 ψ2). We remember that in this case ψ is not the usual Dirac Ψ = Ψ
†γ0, but it
is defined by ψ = ψ∗. Within formalism (A) we can write the 5D lagrangian in the
usual way:
L(Φ, ∂Φ) = iΦΓM∂MΦ . (2.8)
By substituting the explicit expression for Φ and the Γ-matrices we obtain the
lagrangian in terms of 4D Weyl spinors:
L(ψ, ∂ψ) = i ψ1 σ¯µ ∂µψ1 + i ψ2 σ¯µ ∂µψ2 −
1
2
(ψ1 ∂yψ2 − ψ2 ∂yψ1 + h.c.) . (2.9)
For simplicity we can move to notation (B) and we rewrite the lagrangian in the
following way:
L(Ψ, ∂Ψ) = iΨ σ¯µ ∂µΨ− 1
2
(ΨT iσ̂2 ∂yΨ+ h.c.) . (2.10)
Here (and in the following) σ̂i are Pauli matrices acting in the space (ψ1, ψ2), while
σ¯µ are the usual matrices rotating the components of the Weyl spinors ψi.
From eq. (2.10) we can derive the equation of motion for the fermion. Varying
with respect to Ψ we obtain:
i σ¯µ ∂µΨ
T − i σ̂2 ∂yΨ = 0 . (2.11)
Substituting the 4D equation of motion for Weyl spinors i σ¯µ ∂µψ = mψ into
eq. (2.11), we finally obtain:
i σ̂2 ∂yΨ = mΨ . (2.12)
We solve this equation of motion first with the usual SS twisted boundary con-
ditions and then in a more general case including also jumps.
With respect to the Z2 reflection that defines the orbifold, we adopt the following
parity assignment:
Ψ(−y) = Z Ψ(y) , Z = σ̂3 . (2.13)
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We observe that L is not only invariant under Z2, as required for the consistency of
the orbifold construction, but also under
Ψ′(y) = U Ψ(y) , (2.14)
where U is a global SU(2) transformation2. In this framework the field Ψ(y) does
not need to be periodic and continuous, but conditions (2.6) can be adopted with
Uγ ∈ SU(2). The most general twist we can assign to the fermion is the following:
Ψ(y + 2πR) = U~βΨ(y) , U~β ≡ ei
~β·~σ = cos β 1+
sin β
β
~β · ~σ , (2.15)
where ~σ = (σ̂1, σ̂2, σ̂3), ~β = (β1, β2, β3) is a triplet of real parameters, β is the
absolute value of the vector ~β, β ≡
√
β21 + β
2
2 + β
2
3 , and it is not restrictive to
assume β ≤ π. The operators Z and U~β acting on the fields should satisfy consistency
conditions (2.5) which, for Z = σ̂3, implies 3
~β = (β1, β2, 0) . (2.16)
The 4D modes have a spectrum characterized by a universal shift of KK levels, with
respect to the mass eigenvalues n/R of the periodic case, controlled by β:
m =
n
R
− β
2πR
, (n ∈ Z) . (2.17)
The corresponding eigenfunctions are
Ψ(n)(x, y) = χ(x) e i γ σ̂
3
(
cosmy
sinmy
)
, (2.18)
where χ(x) is y-independent 4D Weyl spinor satisfying the equation iσm∂m χ = mχ,
and, barring the trivial case ~β = 0 in which the rotation angle γ is arbitrary:
γ =
1
2
arctan
(
β1
β2
)
+ δ + ρπ , δ =
{
0 for β2 ≥ 0
π/2 for β2 < 0
, (ρ ∈ Z) . (2.19)
Here we have reproduced the usual SS mechanism: starting from twisted fields we
obtained a shift in the KK spectrum proportional to the twist parameter itself. In
the following we will show that the same spectrum can be obtained also by means
of jumps or a combination of both.
2Notation (B) is useful to display this symmetry.
3The choice ~β = (0, 0, π) gives U~β = −1, as any other choice with β = π.
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Figure 2.1: The function α(y) for two representative parameter choices: the solid
line corresponds to δ0 = 2.5, δπ = 0.6, the dashed one to δ0 = 1.5, δπ = −1.1.
For the sake of simplicity we do not consider the most general boundary condi-
tions but we focus on a simpler case with
Uβ ≡ eiβσ̂
2
=
(
cos β sin β
− sin β cos β
)
U0 ≡ eiδ0σ̂
2
=
(
cos δ0 sin δ0
− sin δ0 cos δ0
)
. (2.20)
Uπ ≡ eiδπσ̂
2
=
(
cos δπ sin δπ
− sin δπ cos δπ
)
The solution to eq. (2.12) with boundary conditions (2.20) is the following:
Ψ(n)(x, y) = χ(x)
(
cos [my − α(y)]
sin [my − α(y)]
)
, (2.21)
with
m =
n
R
− β − δ0 − δπ
2πR
, (n ∈ Z) . (2.22)
Here α(y), depicted in fig. 2.1 for some representative choices of δ0 and δπ, is given
by:
α(y) =
δ0 − δπ
4
ǫ(y) +
δ0 + δπ
4
η(y) , (2.23)
where ǫ(y) is the periodic sign function defined on S1 and
η(y) = 2q + 1 , q πR < y < (q + 1) πR , (q ∈ Z) (2.24)
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Figure 2.2: The even (continuous) and odd (dashed) components of the zero mode
of a fermion field for β = 0, δ0 = 2.5 and δπ = 1.
is the staircase function that steps by two units every πR along y. The function
α(y) satisfies
α(y + 2πR) = α(y) + δ0 + δπ , (2.25)
so that the eigenfunctions have the correct twist.
The spectrum (2.22) is characterized by a uniform shift with respect to the KK
levels, as in the traditional SS picture (see eq. (2.17)). But while there the spectrum
depends only on the twist β, here it depends also on jumps δ0 and δπ. In particular
it is possible to have a vanishing shift for a non-vanishing twist. We observe that
we recover the usual SS spectrum in the limit δγ → 0. What about eigenfunctions?
They are discontinuous at the fixed points: the even part has cusps while the odd
one has jumps, as required by boundary conditions (see fig. 2.2). If we take the limit
δγ → 0 in eq. (2.21) we recover precisely eq. (2.18) with β1 = 0.
For any δγ the system is equivalent to a conventional SS compactification with
βc = β− δ0− δπ. We can move to the new continuous eigenfunctions Ψc performing
the following field redefinition:
Ψc(x, y) = e
−i α(y) σ̂2 Ψ(x, y) . (2.26)
Here the exponential factor removes the discontinuities from Ψ and add a twist
−δ0 − δπ to the wave function. Passing from one system to the other we have only
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performed a local field redefinition. It is a general statement that the physical prop-
erties of a quantum mechanical system are invariant under a local field redefinition.
We can therefore say that the two systems are really physically equivalent. This
is interesting since it suggests that we can move from a description in terms of
discontinuous variables to another in terms of smooth fields.
2.1.3 Localized Mass Terms
In the previous section we discussed the equivalence between systems characterized
by discontinuous fields and ‘smooth’ systems in which fields are continuous but
twisted, showing that a field redefinition exists mapping the mass eigenfunctions of
one description into those of the other. Here we would like to further explore the
relation between smooth and discontinuous frameworks by showing that the field
discontinuities are strictly related to lagrangian terms localized at the fixed points.
We start from the lagrangian L of eq. (2.10) for the continuous field Ψc and we
perform the redefinition (2.26). We obtain:
L(Ψc, ∂Ψc) = L(Ψ, ∂Ψ) + Lbrane(Ψ, ∂Ψ) = (2.27)
= iΨ σ¯µ ∂µΨ− 1
2
(ΨT iσ̂2 ∂yΨ+ h.c.)− 1
2
[
α′(y) ΨTΨ+ h.c.
]
with
α′(y) =
+∞∑
q=−∞
[δ0 δ(y − 2q πR) + δπ δ(y − (2q + 1) πR)] . (2.28)
We observe that jumps are related to mass terms localized at the orbifold fixed
points. If we want to explore this relation more deeply we should derive the equation
of motion, integrate it around the fixed points and eventually we will recover the
discontinuities of fields. But we must pay attention in deriving the equation of
motion! Indeed the lagrangian (2.27) involves singular terms and the naive use
of the variational principle, which is tailored on continuous functions and smooth
functionals, would lead to inconsistent results. In order to avoid these problems we
regularize α(y) by means of a smooth function αλ(y) (λ > 0) which reproduces α(y)
in the limit λ→ 0. Now we can derive the equation of motion which reads:
iσ̂2∂yΨ = [m− α′λ(y)] Ψ . (2.29)
Since we are working with regularized functions also Ψ is now continuous, so we
can divide eq. (2.29) by Ψ. Integrating the result around the fixed points and then
taking the limit λ→ 0 we obtain precisely the jumps of eqs. (2.6)-(2.20). If instead
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we take this limit directly in eq. (2.29), we immediately see that this equation in
the bulk coincides with eq. (2.12), as expected.
To summarize, when going from a smooth to a discontinuous description of the
same physical system, singular terms encoding the informations on the discontinu-
ities of fields are generated in the lagrangian. Conversely, when localized terms for
bulk fields are present in the 5D lagrangian, as for many phenomenological models
currently discussed in the literature, the field variables are affected by discontinu-
ities. These can be derived by analyzing the regularized equation of motion and
can be crucial to discuss important physical properties of the system, such as its
mass spectrum. In some case we can find a field redefinition that eliminate the
discontinuities and provide a smooth description of the system. In section 2.3 we
will explain in which cases it is possible to find a field redefinition that completely
reabsorbs the localized mass term or, in other terms, which kind of masses can be
ascribed to a generalized SS mechanism.
2.2 Generalized Boundary Conditions for Bosons
2.2.1 Boundary Conditions for Bosonic Fields on S1/Z2
In strict analogy with previous sections, we perform here the discussion of the
bosonic case, stressing its peculiarities with respect to the fermionic case. As before,
we begin by considering a generic 5D theory compactified on the orbifold S1/Z2.
We introduce a set of n real 5D bosonic fields Φ(x, y), which we classify in represen-
tations of the 4D Lorentz group. We define the (T,Z2) transformations of the fields
by
Φ(y + 2πR) = Uβ Φ(y)
Φ(−y) = Z Φ(y) , (2.30)
where Uβ and Z are constant orthogonal matrices and Z has the property Z
2 = 1.
Also in this case we can choose a basis in which Z is diagonal.
We look for boundary conditions on the fields Φ(x, y) and their derivatives, in
the general class (
Φ
∂yΦ
)
(γ+) = Vγ
(
Φ
∂yΦ
)
(γ−) , (2.31)
where Vγ are constant 2n× 2n matrices and γ and γ± are defined in section 2.1.1.
We observe that eq. (2.30) imply a specific form for the matrix Vβ in (2.31). For the
time being we keep a generic expression for Vβ, as well as for V0,π. The reason for
which we consider also the derivatives of Φ will be clear in a while.
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We will now constrain the matrices Vγ by imposing certain consistency require-
ments on our theory. The spectrum of the theory is determined by the eigenmodes
of the differential operator −∂2y , which we require to be self-adjoint with respect to
the scalar product defined in eq. (2.3), where now Ψ and Φ are real scalar fields and
† must be converted into T . If we consider the matrix element 〈Ψ| (−∂2yΦ)〉 and we
perform a partial integration we obtain:
〈Ψ| (−∂2yΦ)〉 = 〈(−∂2yΨ) |Φ〉+
+
[
ΨT (y)∂yΦ(y)− ∂yΨT (y)Φ(y)
]0+
0−
+
+
[
ΨT (y)∂yΦ(y)− ∂yΨT (y)Φ(y)
]πR+
πR−
+
+
[
ΨT (y)∂yΦ(y)− ∂yΨT (y)Φ(y)
]y−
y+
, (2.32)
where [f(y)]ab = f(a) − f(b). Necessary and sufficient conditions for the self-
adjointness of the operator −∂2y are that the three square brackets vanish and the
domain of the operator −∂2y coincide with the domain of its adjoint. In other words,
we should impose conditions on Φ(y) and its first derivative in such a way that the
vanishing of the unwanted contributions implies precisely the same conditions on
Ψ(y) and its first derivative.
It is easy to show that, in the class of boundary conditions (2.31), this happens
when
VγJ V
T
γ = J γ ∈ (0, π, β) , (2.33)
where J ≡ iσ2 is the symplectic form in the space (Φ, ∂yΦ). Eq. (2.33) restricts
Vγ in the symplectic group Sp(2n). The simplest possibility is offered by Vγ = 1,
for γ = (0, π, β). In this case Uγ = 1, the fields are periodic and continuous across
the orbifold fixed points. When Vβ 6= 1, the field variables are not periodic and we
have a twist. Such boundary conditions are characteristic of the conventional SS
mechanism. When V0 or Vπ differs from unity, the fields or their derivatives are not
continuous across the fixed points and we have jumps. Therefore, in close analogy
with the fermionic case, we find that the boundary conditions for bosons allow for
both twist and jumps. At variance with the fermionic case, twist and jumps can also
affect the first derivative of the field variables. Moreover, the self-adjointness alone
does not forbid boundary conditions that mix the fields and their y-derivatives. For
instance, if we have a single real scalar field ϕ(y), and we parametrize the generic
2× 2 matrix Vγ as:
Vγ =
(
Aγ Bγ
Cγ Dγ
)
, (2.34)
the condition (2.33) reduces to det Vγ = 1, as expected since Sp(2) and SL(2, R)
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are isomorphic. If Bγ and Cγ are not both vanishing, the boundary conditions will
mix ϕ and ∂yϕ.
While the field variables and their first derivatives may have twist and jumps,
we should require that physical quantities remain periodic and continuous across
the orbifold fixed points. This poses a further restriction on the matrices Vγ. If the
theory is invariant under global transformations of a group G, we can satisfy this
requirement by asking that the matrices Vγ are in a 2n-dimensional representation of
G. The choice of scalar product made in (2.3) does not allow to consider symmetry
transformations of the 5D theory that mix fields and y-derivatives. Moreover, it is
not restrictive to consider orthogonal representations of G on the space of real fields
Φ. In this case, the solution to eq. (2.33) reads
Vγ =
(
Uγ 0
0 Uγ
)
Uγ ∈ G , (2.35)
where Uγ is in an orthogonal n-dimensional representation of G.
Finally, we should take into account consistency conditions among the twist, the
jumps and the orbifold projection. These are identical to the ones discussed for
fermions and are reported here only for completeness:
Uγ Z Uγ = Z γ ∈ (0, π, β) ,
[U0, Uβ] = 0 , (2.36)
[Uπ, Uβ] = 0 .
Also in this case the parameters of Uγ can be discrete or continuous, depending on
the commutators [Z, Uγ] and [U0, Uπ].
In summary, the allowed boundary conditions on Φ(y) are specified in eq. (2.31),
with the matrices Vγ satisfying the requirements (2.35)-(2.36).
2.2.2 One Scalar Field
It is instructive to analyze in detail the case of a single massless scalar field ϕ(x, y),
of definite parity, Z = +1 to begin with. We start by writing the equation of motion
for ϕ
− ∂2yϕ = m2ϕ , (2.37)
in each region yq < y < yq+1 of the real line, where yq ≡ qπR and q ∈ Z. We have
defined the mass m through the 4D equation ∂2ϕ = m2ϕ. The solutions of these
equations can be glued by exploiting the boundary conditions V0 and Vπ, imposed
at y = y2q and y = y2q+1, respectively. Finally, the spectrum and the eigenfunctions
are obtained by requiring that the solutions have the twist described by Vβ.
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The equation of motion remains invariant if we multiply ϕ by ±1, so that the
group G of global symmetries is a parity (to be distinguished from the orbifold
symmetry Z2 that acts also on the y coordinate). We have Vγ = ±1. For instance, we
are allowed to consider either periodic or anti-periodic fields. We start by analyzing
the case of no jumps, V0 = Vπ = +1. The solutions of the equations of motion, up
to an arbitrary x-dependent factor, are
ϕ1(y) = cosmy m R =
{
n Vβ = +1
n +
1
2
Vβ = −1 , (2.38)
and n is a non-negative integer. It is interesting to compare the result for Vβ = −1
with that obtained by assuming a jump in y = 0: (V0, Vπ, Vβ) = (−1,+1,+1). We
find
ϕ2(y) = ǫ(y/2) sinmy m R = n+
1
2
. (2.39)
where ǫ(y) is the sign function on S1.
The eigenfunctions (2.38) and (2.39) for m = 1/(2R) are compared in the third
row of fig. 2.3. We observe that V0 = +1 implies ∂yϕ = 0 at y = 0, that is Neumann
boundary conditions. Instead, if we take V0 = −1, the even field ϕ should vanish
at y = 0 as for a Dirichelet boundary condition, and this produces a cusp at y = 0.
Despite this difference, the two eigenfunctions are closely related. If compared in the
region 0 < y < πR, they look the same, up to an exchange between the two walls at
y = 0 and y = πR. They both vanish at one of the two walls and they have the same
non-vanishing value at the other wall, with the same profile in between. Indeed, the
two cases are related by a coordinate transformation and a field redefinition:
ϕ2(y) = ǫ(y/2) ϕ1(y + πR) . (2.40)
If ϕ1(y) is even, continuous and anti-periodic, it is easy to see that the function
ϕ2(y) defined in (2.40) is even, periodic and has a cusp in y = y2q, where it vanishes.
The equations of motion are not affected by the translation y → y + πR, which
simply exchanges the boundary conditions at y = y2q and y = y2q+1. Moreover, the
physical properties of a quantum mechanical system are invariant under a local field
redefinition. Therefore the two systems related by eq. (2.40) are equivalent.
In table 2.1 we collect spectrum and eigenvalues for all possible cases that are
allowed by an even or odd field ϕ. We have found it useful to express the solutions
in terms of the sign function, which specifies the singularities of the system. Indeed,
ǫ(y/2) is singular in y = y2q, ǫ(y/2 + πR/2) in y = y2q+1 and ǫ(y) in all y = yq.
The correct parity of the solutions is guaranteed by the properties of ǫ(y). Also
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Figure 2.3: Eigenfunctions of −∂2y , for a real even field ϕ(y), versus y/(πR). For
each boundary condition, labelled by (V0, Vπ, Vβ), the eigenfunction corresponding
to the lightest non-vanishing mode is displayed.
the periodicity can be easily determined from the fact that ǫ(y) is periodic, whereas
ǫ(y/2) and ǫ(y/2 + πR/2) are anti-periodic.
There are three types of spectra: first, the ordinary KK tower n/R that includes
a zero mode; second, an identical spectrum with the absence of the zero mode and,
finally, the KK tower shifted by 1/2R. All systems that possess the same spectrum
can be related by field redefinitions that can be easily derived from table 2.1. The
only non-trivial transformation, applying only to the case of semi-integer spectrum,
is the one in (2.40). For semi-integer spectrum, all ϕk (k = 1, ...8) are related.
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Figure 2.4: Eigenfunctions of −∂2y , for a real odd field ϕ(y), versus y/(πR). For each
boundary condition, labelled by (V0, Vπ, Vβ), the eigenfunction corresponding to the
lightest non-vanishing mode is displayed.
For integer and non-negative spectrum, we have maps among ϕ1, ϕ3, ϕ6 and ϕ8.
For strictly positive integer spectrum, ϕ2, ϕ4, ϕ5 and ϕ7 are related. Thanks to
these relations, we can always go from a description in terms of discontinuous field
variables to a descriptions by the smooth fields ϕ1(y) or ϕ5(y). Also, as can be seen
from figs. 2.3 and 2.4, the behavior in the vicinity of the fixed points is the same
for all the eigenfunctions representing the same type of spectrum, up to a possible
exchange between the two fixed points. In the presence of a single real field ϕ the
parity Z does not seem to have an absolute physical meaning. We find that there
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(V0, Vπ, Vβ) m R eigenfunctions ϕ(0) ϕ(πR)
(+,+,+) n ≥ 0 ϕ1(y) = cosmy 6= 0 6= 0
n > 0 ϕ5(y) = sinmy 0 0
(−,+,−) n > 0 ϕ2(y) = ǫ(y/2) sinmy 0 0
n ≥ 0 ϕ6(y) = ǫ(y/2) cosmy jump 6= 0
(+,−,−) n ≥ 0 ϕ3(y) = ǫ(y/2 + πR/2) cosmy 6= 0 jump
n > 0 ϕ7(y) = ǫ(y/2 + πR/2) sinmy 0 0
(−,−,+) n > 0 ϕ4(y) = ǫ(y) sinmy 0 0
n ≥ 0 ϕ8(y) = ǫ(y) cosmy jump jump
(+,+,−) n + 1/2 ϕ1(y) = cosmy 6= 0 0
n + 1/2 ϕ5(y) = sinmy 0 6= 0
(−,+,+) n + 1/2 ϕ2(y) = ǫ(y/2) sinmy 0 6= 0
n + 1/2 ϕ6(y) = ǫ(y/2) cosmy jump 0
(+,−,+) n + 1/2 ϕ3(y) = ǫ(y/2 + πR/2) cosmy 6= 0 0
n + 1/2 ϕ7(y) = ǫ(y/2 + πR/2) sinmy 0 jump
(−,−,−) n + 1/2 ϕ4(y) = ǫ(y) sinmy 0 jump
n + 1/2 ϕ8(y) = ǫ(y) cosmy jump 0
Table 2.1: Eigenvalues and eigenfunctions of −∂2y , for even fields ϕk (k = 1, 2, 3, 4)
and odd fields ϕk (k = 5, 6, 7, 8). The spectrum is given in terms of the non-negative
integer n.
are equivalent physical systems with opposite Z parities for ϕ.
In conclusion, there are less physically inequivalent systems than independent
boundary conditions. There are different boundary conditions that lead to the same
spectrum and the corresponding systems are related by field redefinitions. The
parameter V0 · Vπ · Vβ is equal in equivalent systems. When V0 · Vπ · Vβ = +1, mR
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is integer whereas for V0 · Vπ · Vβ = −1, mR is semi-integer.
2.2.3 More Scalar Fields
Several scalar fields lead to the possibility of exploiting continuous global symmetries
to characterize boundary conditions. As an example, we consider here the case of a
5D complex scalar field ϕ(y) ≡ (ϕ1(y) + i ϕ2(y))/
√
2. Its equation of motion:
− ∂2yϕ = m2ϕ , (2.41)
is invariant under global O(2) transformations, acting on (ϕ1, ϕ2).
We first discuss the case where Z = diag(+1,−1) in the basis (ϕ1, ϕ2). In this
case we can take:
Uγ =
(
cos θγ sin θγ
− sin θγ cos θγ
)
, (2.42)
which is a symmetry of the theory and satisfies (2.36). In general, we can choose
three independent angles θγ = (β, δ0, δπ) for the twist and the two jumps at y = 0, πR
respectively. The solution of the equation of motion subjected to these boundary
conditions can be obtained by the same method used in section 2.2.2. We find:
ϕ(y) = ei(my − α(y)) , (2.43)
where
m =
n
R
− (β − δ0 − δπ)
2πR
(n ∈ Z) , (2.44)
and α(y) is the function introduced in section 2.1.2. The presence of this function
explains why the shift of the spectrum with respect to the KK levels is given by
β − δ0 − δπ and not by β as in the conventional SS mechanism.
When β−δ0−δπ = 0 (mod 2π), the masses are n/R and we can order all massive
modes in pairs. Indeed each physical non-vanishing mass |m| = |n|/R (n 6= 0)
corresponds to two independent eigenfunctions. For instance, when β = δ0 = δπ = 0,
we have ϕn± = exp(±iny/R). This infinite series of degenerate 4D doublets can be
interpreted as a consequence of the O(2) symmetry, which is unbroken. A non-
vanishing shift of the KK levels induces an explicit breaking of the O(2) symmetry.
The order parameter is β − δ0 − δπ (mod 2π). When β − δ0 − δπ is non-vanishing
(and not a multiple of 2π) the eigenfunctions of the massive modes are no longer
paired, each of them corresponding now to a different physical mass. As for the case
of a single real field, different boundary conditions may lead to the same spectrum.
For instance, it is possible that O(2) remains unbroken, despite the existence of
non-trivial boundary conditions, if twist and jumps are such that the combination
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β − δ0 − δπ vanishes mod 2π. Moreover, starting from a generic system with both
twist β and jumps δ0,π different from zero, we can always move to an equivalent
‘smooth’ theory where the jumps vanish and the twist βc of the new scalar field
ϕc(y) is given by β − δ0 − δπ. The map between the two systems is given by
ϕc(y) = eiα(y)ϕ(y) . (2.45)
The multiplicative factor eiα(y) removes the discontinuities from ϕ(y) and add a
twist −δ0 − δπ to the wave function.
Another interesting case is that of Z proportional to the identity. If we assign
the same Z parity to the real components ϕ1,2(y), then Uγ commutes with Z and
the condition (2.36) implies that its eigenvalues are ±1. If also [U0, Uπ] = 0, then it
is not restrictive to go to a field basis where all Uγ are diagonal, with elements ±1.
This would lead to a discussion qualitatively close to that of section 2.2.2, where
twist and jumps were quantized. A new feature occurs if [U0, Uπ] 6= 0. Consider as
an example Z = Uβ = diag(+1,+1) in the basis (ϕ1, ϕ2). A consistent choice for U0
and Uπ is:
U0 =
(
cos δ0 − sin δ0
− sin δ0 − cos δ0
)
, Uπ =
(
1 0
0 −1
)
. (2.46)
Notice that the O(2) matrices U0 and Uπ square to 1, as required by the condi-
tion (2.36). The solutions of the equations of motion are:
φ1(y) = cos(my − α(y))
φ2(y) = ǫ(y) sin(my − α(y)) , (2.47)
where
m =
n
R
+
δ0
2πR
(n ∈ Z) (2.48)
and in α(y) we have to set δπ = 0. It is interesting to note that this choice of
boundary conditions leads to a theory that is physically equivalent to that studied
at the beginning of this section, where the fields ϕ1 and ϕ2 had opposite parity. We
can go back to that system and consider the case of periodic fields with a jump at
y = 0: Z = diag(+1,−1), Uπ = Uβ = 1 and U0 as in (2.42) with θ0 = δ0. If we now
perform the field redefinition:
ϕ1(y)→ ϕ1(y) , ϕ2(y)→ ǫ(y) ϕ2(y) , (2.49)
the new field variables are both even and periodic and their jumps are those given
in (2.46). It is easy to see that also the solutions (2.43) are mapped into (2.47).
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Moreover, it will be now possible to describe the theory defined by the jumps (2.46)
in terms of smooth field variables, characterized by a certain twist.
This correspondence provides another example of equivalent systems, despite a
different assignment of the orbifold parity. The presence of discontinuous fields is a
generic feature of field theories on orbifolds. The present discussion suggests that
at least in some cases these discontinuities may not have any physical significance,
being only related to a particular and not compelling choice of field variables.
2.2.4 Brane Action for Bosonic System
In the previous sections we showed the equivalence between bosonic systems charac-
terized by discontinuous fields and ‘smooth’ systems in which fields are continuous
but twisted. For each pair of systems characterized by the same mass spectrum
we were able to find a local field redefinition, plus a possible discrete translation,
mapping the mass eigenfunctions of one system into those of the other system. Here
we would like to further explore the relation between smooth and discontinuous
systems by showing that the field discontinuities are strictly related to lagrangian
terms localized at the fixed points.
We begin by discussing the case of one real scalar field. To fix the ideas we focus
on the equivalence between the cases (+,+,−) and (+,−,+) with Z = 1 of table
2.1. The other cases can be discussed along similar lines. We denote by ϕc the
continuous field (+,+,−) with twist Uβ = −1 and by ϕ the periodic field (+,−,+)
that has a jump Uπ = −1. If we start from the lagrangian L for the boson ϕc
L(ϕc, ∂ϕc) = −1
2
∂Mϕ
c∂Mϕc , (2.50)
and we perform the field redefinition:
ϕc(y) = χ(y)ϕ(y) χ(y) ≡ ǫ(y/2 + πR/2) , (2.51)
we obtain an expression in terms of discontinuous fields and their derivatives, from
which it is difficult to derive the correct equation of motion for the system. Indeed
the new lagrangian is highly singular and the naive use of the variational principle
would lead to inconsistent results. In order to avoid these problems we regularize
χ(y) by means of a smooth function χλ(y) (λ > 0) which reproduces χ(y) in the
limit λ→ 0. By performing the substitution:
ϕc(y) = χλ(y) ϕ(y) , (2.52)
we obtain
L(ϕc, ∂ϕc) = −1
2
χ2λ∂Mϕ∂
Mϕ− χλχ′λϕ∂yϕ−
1
2
χ′2λϕ
2 . (2.53)
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Since the field ϕ(y) is periodic, we can work in the interval 0 ≤ y ≤ 2πR. In the
limit λ→ 0, we find:
L(ϕc, ∂ϕc) = −1
2
χ2∂Mϕ∂
Mϕ+ 2χ δ(y − πR) ϕ∂yϕ− 2δ2(y − πR) ϕ2 . (2.54)
The action contains quadratic terms for the field ϕ(y) that are localized at y = πR.
However these terms are quite singular and, strictly speaking, are mathematically
ill-defined even as distributions. For this reason we derive the equation of motion
for ϕ(y) using the regularized action, eq. (2.53), from which we get:
χλ
(
χλ∂
2
yϕ+ 2 χ
′
λ∂yϕ+ χ
′′
λϕ+ χλm
2ϕ
)
= 0 , (2.55)
where we identified ∂µ∂
µϕ with m2ϕ. The term in brackets should vanish every-
where, since it is continuous and we can choose χλ(y) different from zero everywhere
except at one point between 0 and 2πR. If we finally take the limit λ→ 0 we obtain
the equation of motion for the discontinuous fields:
χ∂2yϕ− 4δ(y − πR)∂yϕ− 2δ′(y − πR)ϕ+ χ m2ϕ = 0 . (2.56)
Away from the point y = πR this equation reduces to the equation of motion for
continuous fields: terms with delta functions disappear and we can divide by χ(y).
We obtain:
∂2yϕ+m
2ϕ = 0 . (2.57)
Moreover, by integrating eq. (2.56) and its primitive around y = πR, we find:
ϕ(πR + ξ) = −ϕ(πR− ξ)
ϕ′(πR + ξ) = −ϕ′(πR− ξ) , (2.58)
which are just the expected jumps.
There is another possibility to derive the correct equation of motion from a
singular action, beyond that of adopting a convenient regularization. We illustrate
this procedure in the case of one complex scalar field ϕ(y). The basic idea is to
use a set of field variables such that their infinitesimal variations, implied by the
action principle, are continuous functions of y. The action principle requires that the
variation of the action S, assumed to be a smooth functional of ϕ and ∂ϕ, vanishes
for infinitesimal variations of the fields from the classical trajectory:
δS =
∫
d4x dy
δL
δϕ
δϕ = 0 . (2.59)
If the system is described by discontinuous fields, in general we cannot demonstrate
that δL/δϕ vanishes at the singular points, since multiplication/division by discon-
tinuous functions like δϕ is known to produce inequivalent equalities. An exception
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is the case of fields whose generic variation δϕ is a continuous function, despite the
discontinuities of ϕ. In this case the action principle leads directly to the usual
equation of motion.
We consider as an example the case discussed at the beginning of section 2.2.3.
Real and imaginary components of ϕ are respectively even and odd functions of
y and we have boundary conditions specified by the matrices Uγ in eq. (2.42). In
particular, the discontinuities of ϕi (i = 1, 2) and its y-derivative across 0 and πR
are given by:(
ϕ1(2)
∂yϕ1(2)
)
(γ+)−
(
ϕ1(2)
∂yϕ1(2)
)
(γ−) = (−)2 tan δγ
2
(
ϕ2(1)
∂yϕ2(1)
)
(γ) , (2.60)
where γ stands for 0 or πR, γ+(−) denotes 0+(−) or πR+(−) and(
ϕ1(2)
∂yϕ1(2)
)
(γ) ≡ 1
2
[(
ϕ1(2)
∂yϕ1(2)
)
(γ+) +
(
ϕ1(2)
∂yϕ1(2)
)
(γ−)
]
. (2.61)
From this we see that a generic variation of ϕ2 is discontinuous. The jump of δϕ2
across 0 or πR is proportional to the value of δϕ1 at that point, which in general is
not zero. However we can move to a new set of real fields θ and ρ:
ϕ = ρ eiθ , (2.62)
whose discontinuities from eq. (2.60) read:(
ρ
∂yρ
)
(γ+) =
(
ρ
∂yρ
)
(γ−)
(
θ
∂yθ
)
(γ+)−
(
θ
∂yθ
)
(γ−) =
(
δγ
0
)
.
(2.63)
The discontinuity of θ at each fixed point is a constant, independent from the value
of ϕ at that point. As a consequence, the infinitesimal variation δθ relevant to the
action principle is continuous everywhere, including the points y = 0 and y = πR.
We can derive the action for (ρ, θ), by starting from the lagrangian expressed in
terms of ϕc ≡ ρ exp[i(θ + α)], where the function α has been defined in eq. (2.23):
L(ϕc, ∂ϕc) = −∂Mϕc†∂Mϕc . (2.64)
In terms of ρ and θ we have:
L(ρ, ∂ρ, θ, ∂θ) = −∂Mρ ∂Mρ− ρ2∂M(θ + α) ∂M (θ + α) . (2.65)
The lagrangian now contains singular terms, localized at the fixed points. The
equations of motions, derived from the variational principle, read:{
∂M∂
Mρ− ρ ∂M(θ + α) ∂M(θ + α) = 0
∂M [ρ
2∂M (θ + α)] = 0
. (2.66)
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In the bulk α is constant and drops from the previous equations, which then become
identical to the equations for the continuous field ϕc, in polar coordinates. Moreover,
by integrating eq. (2.66) around the fixed points and by recalling the properties of
the function α, we reproduce precisely the jumps of eq. (2.63). The same results
can be obtained by introducing a regularization for α.
To summarize, when going from a smooth to a discontinuous description of the
same physical system, singular terms are generated in the lagrangian. In our ex-
amples we have quadratic terms localized at the orbifold fixed point which, despite
their highly singular behaviour, are necessary for a consistent description of the sys-
tem. Indeed they encode the discontinuities of the adopted field variables which can
be reproduced via the classical equation of motion after appropriate regularization
or through a careful application of the standard variational principle. Conversely,
when localized terms for bulk fields are present in the 5D lagrangian, as for many
phenomenological models currently discussed in the literature, the field variables
are affected by discontinuities. These can be derived by analyzing the regularized
equation of motion and can be crucial to discuss important physical properties of
the system, such as its mass spectrum. In some case we can find a field redefinition
that eliminate the discontinuities and provide a smooth description of the system.
It would be nice to know precisely when we can perform the redefinition that com-
pletely eliminate the localized terms and when they cannot be removed. In the next
section we will study this issue.
2.3 Equivalent Effective Lagrangians
In previous sections we showed that different effective lagrangians can describe the
same physical system. This is due to the equivalence between the SS twist and
the generalized boundary conditions described in detail in sections 2.1.1 and 2.2.1,
which are associated to localized mass terms. In this section we find out the class of
equivalence of the lagrangians associated to the same spectrum and we classify the
conditions the 5D mass terms should satisfy in order to be ascribed to a SS twist.
We illustrate this in detail only for fermions; analogous considerations also apply to
bosons.
2.3.1 Generation of 5D Mass Terms for Periodic Fields
We consider the lagrangian of eq. (2.10) with twisted periodicity conditions (2.15)-
(2.16). The solution to the equation of motion with these boundary conditions is
displayed in eqs. (2.17)-(2.19). We now move to a class of equivalent descriptions of
this system exploiting the fact that S-matrix elements do not change if we perform
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a local and non-singular field redefinition. We replace the twisted fields Ψ(y) by
periodic ones Ψ˜(y):
Ψ(y) = V (y) Ψ˜(y) , Ψ˜(y + 2πR) = Ψ˜(y) , (2.67)
where V (y) must then be a 2× 2 matrix satisfying
V (y + 2πR) = U~β V (y) , (2.68a)
as can be immediately checked from eqs. (2.15) and (2.67). Besides condition (2.68a),
we will impose for our convenience two additional constraints on the matrix V (y).
One is
V (y) ∈ SU(2) , (2.68b)
which guarantees that the redefinition is non-singular, and that the kinetic terms
for Ψ˜(y) remain canonical. We also require that the new fields ψ˜1(y) and ψ˜2(y) have
the same parities as the original ones ψ1(y) and ψ2(y):{
Vij(−y) = +Vij(y) (ij = 11, 22)
Vij(−y) = −Vij(y) (ij = 12, 21) . (2.68c)
Notice that eq. (2.68c) implies V (0) = exp ( i θ σ̂3 ), with θ ∈ R.
Before exploring the effects of the field redefinition of eq. (2.67), we observe
that the solution to the conditions (2.68) is by no means unique. Starting from
any given solution V (y), a new set of solutions V ′(y) can be generated via matrix
multiplication:
V ′(y) =WL(y) V (y)WR(y) , (2.69)
provided that the following conditions are satisfied:
WL(y + 2πR)U~β = U~β WL(y) , WR(y + 2πR) =WR(y) , (2.70a)
WL,R(y) ∈ SU(2) , (2.70b){
(WL,R)ij(−y) = +(WL,R)ij(y) (ij = 11, 22)
(WL,R)ij(−y) = −(WL,R)ij(y) (ij = 12, 21) . (2.70c)
We are now ready to explore the effects of the field redefinition of eq. (2.67).
The lagrangian L, expressed in terms of the periodic field Ψ˜(y), describes exactly
the same physics as before, but its form is now different:
L(Ψ, ∂Ψ) = L(Ψ˜, ∂Ψ˜) +
{
− i
2
[m1(y) + im2(y)] ψ˜1ψ˜1
+
i
2
[m1(y)− im2(y)] ψ˜2ψ˜2 + im3(y) ψ˜1ψ˜2 + h.c.
}
, (2.71)
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where the mass terms ma(y) (a = 1, 2, 3) are the coefficients of the Maurer-Cartan
form
m(y) ≡ ma(y) σ̂a = −i V †(y)∂yV (y) , (2.72)
and satisfy:
ma(y + 2πR) = ma(y) , (2.73a)
ma(y) ∈ R , (2.73b)
m1,2(−y) = +m1,2(y) , m3(−y) = −m3(y) , (2.73c)
U~β = V (0)P
[
exp
(
i
∫ y
0
dy′m(y′)
)]
P<
[
exp
(
i
∫ y+2πR
y
dy′m(y′)
)]
×
P ′
[
exp
(
−i
∫ y
0
dy′m(y′)
)]
V †(0) ,
{
P = P< P
′ = P> for y > 0
P = P> P
′ = P< for y < 0
.
(2.73d)
Properties (2.73a)-(2.73c) are in one-to-one correspondence with conditions (2.68a)-
(2.68c) on V (y). Eq. (2.73d) is related with eq. (2.68a), and prescribes how the
information on the twist of the original fields Ψ(y) is encoded in the new lagrangian.
The symbols P< and P> denote inequivalent definitions of path-ordering, specified
in appendix B with some useful properties and the proof of eq. (2.73d). Notice that,
by taking the trace of both members in eq. (2.73d), we obtain a relation between
the Wilson loop and the twist parameter β:
cos β =
1
2
trU~β =
1
2
trP<
[
exp
(
i
∫ y+2πR
y
dy′m(y′)
)]
. (2.74)
Notice also that, because of the freedom of performing global SU(2) transformations
with the constant matrix V (0), which are invariances of the lagrangian, different
values of the twist ~β with the same value of β correspond to physically equivalent
descriptions.
The mass terms in eq. (2.71) are of three different types, associated with the
three possible bilinears ψ˜1ψ˜1, ψ˜2ψ˜2 and ψ˜1ψ˜2. Because of eqs. (2.73), they do not
correspond to the most general set of y-dependent mass terms allowed by 4D Lorentz
invariance, which would be characterized by three independent complex functions.
The roˆle of the conditions (2.73) is to guarantee the equivalence between the de-
scriptions on the two sides of eq. (2.71).
Also the converse is true. Given a lagrangian such as the one on the right-
hand side of eq. (2.71), expressed in terms of periodic fields ψ˜i(y) (i = 1, 2) and
with mass terms satisfying eqs. (2.73), we can move to the equivalent lagrangian
of eq. (2.10), where all mass terms have been removed and the fields satisfy the
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periodicity conditions of eq. (2.15), by performing the field redefinition of eq. (2.67).
As shown in appendix B, V (y) is given by:
V (y) = V (0)P
[
exp
(
i
∫ y
0
dy′m(y′)
)]
, P =
{
P< for y > 0
P> for y < 0
. (2.75)
For any V (0) = exp ( i θ σ̂3 ) (θ ∈ R), conditions (2.68) are satisfied with U~β given
by eq. (2.73d). The arbitrariness in V (0) reflects the fact that physically distinct
theories are characterized by β, not by ~β.
Up to now we have considered only free theories. What happens if we turn on
interactions in the lagrangian (2.10)? First of all we ask that the interaction terms
are invariant under SU(2). If these terms do not contains y-derivatives, they re-
main unchanged after the redefinition (2.67), so eq. (2.71) still holds true. If instead
terms involving ∂yΨ are present, they will generate, after the field redefinition, ad-
ditional but controllable contributions to the right hand side of eq. (2.71). Anyway,
since the equivalence between two lagrangians related by a local field redefinition
holds irrespectively of the explicit form assumed by the interaction terms, the two
descriptions of the system will still be equivalent.
2.3.2 Examples and Localization of 5D Mass Terms
From the discussion of the previous section, it is clear that mass ‘profiles’ ma(y) for
periodic fields, of the type specified in eq. (2.73), do not have an absolute physical
meaning. They can be eliminated from the lagrangian and replaced by a twist,
the two descriptions being completely equivalent. Moreover, all lagrangians with
the same interaction terms and mass profiles corresponding to the same twist ~β,
as computed from eq. (2.73d), are just different equivalent descriptions of the same
physics. Indeed, suppose that L1 and L2 are two such lagrangians, and call V I(y)
(I = 1, 2) the local redefinitions mapping LI into the lagrangian L for the twisted,
massless 5D fields Ψ(y). Then L1 and L2 are related by the local non-singular field
redefinition V (y) = V 2
†
(y)V 1(y). This shows that, in the class of interacting models
under consideration, what matters is the twist ~β and not the specific form of the
mass terms ma(y) enjoying the properties (2.73)
4. We can make use of this freedom
to show that m1,2(y) can be localized at the fixed points y = 0 and/or y = πR,
without affecting the physical properties of the theory.
As an example, we consider the simple case in which the twist parameter is just
~β = (0, β, 0) . (2.76)
4Actually, in view of the observations after eqs. (2.74) and (2.75), what really matters is β.
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Then a frequently used solution to eq. (2.68), for the twist specified by eq. (2.76), is
V O(y) = exp
(
i βσ̂2
y
2πR
)
, (2.77)
the symbol ‘O’ standing for ‘ordinary’. Starting from the lagrangian L for the peri-
odic fields Ψ˜(y), defined by V O(y) via the redefinition of eq. (2.67), and performing
the standard Fourier decomposition of the 5D fields into 4D modes, we can imme-
diately check that the 4D mass eigenvalues and eigenfunctions are indeed given by
eqs. (2.17)-(2.19), with β1 = 0. Applying eq. (2.72) to V
O(y), we find the constant
mass profile:
mO1 (y) = m
O
3 (y) = 0 , m
O
2 (y) =
β
2πR
, (2.78)
and we can check that, in agreement with eq. (2.74):
β =
∫ y+2πR
y
dy′mO2 (y
′) . (2.79)
We now move to a more general solution of eqs. (2.68) and (2.76), where, in a
basis of periodic fields, the system is described by a different lagrangian LG (the
symbol ‘G’ stands for ‘generalized’). LG is still of the general form of eq. (2.71),
including interaction terms, but now:
mG1 (y) = m
G
3 (y) = 0 , m
G
2 (y) 6= 0 , (2.80)
and mG2 (y) is an otherwise arbitrary real, periodic, even function of y, with the
property that ∫ y+2πR
y
dy′mG2 (y
′) =
∫ y+2πR
y
dy′mO2 (y
′) = β . (2.81)
As long as the above properties are satisfied, the two lagrangians LO and LG are
physically equivalent. Two representative and equivalent choices of mG2 (y) are illus-
trated in fig. 2.5: the dashed line shows a mild (gaussian) localization around the
orbifold fixed points, the solid line a strong localization. The interactions between
Ψ˜(y) and other fields are not determined by the shapes of the fermion eigenmodes
and, indirectly, by the profile of m2(y). Neither the mass spectrum, nor the inter-
actions depend on shapes, which are an artifact of the choice of field variables. As
long as the twist is kept fixed, shapes can be arbitrarily deformed along y, without
changing the physics.
A possible special choice for mG2 (y) is the singular limit:
mG2 (y) =
+∞∑
q=−∞
[δ0 δ(y − 2qπR) + δπ δ(y − (2q + 1)πR)] , δ0 + δπ = β , (2.82)
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Figure 2.5: Two representative and equivalent choices for mG2 (y), corresponding to
β = 2. For reference, the dash-dotted line shows the equivalent constant profile
mO2 (y) = 1/(πR).
where what we actually mean is a suitably regularized version of the distribution
in eq. (2.82). This description is apparently quite remote from the ‘ordinary’ one.
The mass terms vanish everywhere but at the orbifold fixed points, where there
are localized contributions to m2(y). The redefinitions bringing from the massive
periodic fields of LO and LG to the corresponding massless twisted 5D fields are:
Ψ(y) = V O,G(y) Ψ˜O,G(y) , (2.83)
with V O(y) given by eq. (2.77) and
V G(y) = exp
[
i α(y)σ̂2
]
. (2.84)
Here α(y) is the step function introduced in section 2.1.2. The local field redefinition
that relates the two lagrangians LO and LG is:
Ψ˜G(y) = V G
†
(y)V O(y) Ψ˜O(y) . (2.85)
Notice that the periodic fields Ψ˜G(y) are not smooth but only piecewise smooth.
This can be checked either by integrating the equations of motion for Ψ˜G(y), derived
from LG, in a small region around the fixed points, or by making use of the field
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Figure 2.6: Two representative and equivalent choices for m3(y): the solid line
corresponds to m3(y) = (2 sin y)/R, the dashed one to m3(y) = ǫ(y)/R.
redefinition in eq. (2.85), recalling that Ψ˜O(y) and V O(y) are smooth while V G(y)
is not. We find that the fields Ψ˜G(y) have cusps and discontinuities described by:{
Ψ˜G(2qπR+ ξ) = e i δ0σ
2
Ψ˜G(2qπR− ξ)
Ψ˜G[(2q + 1)πR+ ξ] = e i δπσ
2
Ψ˜G[(2q + 1)πR− ξ]
, (0 < ξ ≪ 1 , q ∈ Z) ,
(2.86)
where the jumps of the field variables are parametrized by δ0,π.
Another simple but instructive example corresponds to a lagrangian for periodic
fields of the form in eq. (2.71), where now
m1(y) = m2(y) = 0 , m3(y) 6= 0 , (2.87)
and m3(y) is an otherwise arbitrary real, odd, periodic function of y, as prescribed
by eqs. (2.73a)-(2.73c). Notice that, for any such function, eq. (2.74) gives always
β = 0, since ∫ y+2πR
y
dy′m3(y
′) = 0 . (2.88)
In other words, real, periodic, odd mass profiles can be completely removed by a
field redefinition without introducing a non-trivial twist. Such a field redefinition
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corresponds to:
V (y) = exp
[
i
∫ y
0
dy′m3(y
′)
]
. (2.89)
Some representative profiles for m3(y) are exhibited in fig. 2.6. Notice that no con-
stant m3(y) 6= 0 is allowed by eqs. (2.73a)-(2.73c), and also a m3(y) 6= 0 completely
localized at y = 2qπR and/or y = (2q + 1)πR is forbidden. An allowed possibility
is a piecewise constant m3(y), for example:
m3(y) = µ ǫ(y) , (2.90)
where ǫ(y) is the periodic sign function and µ a real constant with the dimension of
a mass.
2.4 Application to Gauge Symmetry Breaking
The generalized boundary conditions discussed in previous sections can be exploited
to spontaneously break the gauge invariance of a 5D system. This is well-known
as far as the twist is concerned, as described in section 1.2.2. A non-trivial twist
induces a shift in the KK levels which lifts the zero modes of the gauge vector bosons:
from a 4D point of view the gauge symmetry is thus broken. As we have seen in
section 2.2, also the discontinuities of the fields and their first derivatives have a
similar effect on the spectrum and we may expect that, in the context of a gauge
theory, they lead to spontaneous breaking of the 4D gauge invariance. To analyze
these aspects, we focus on a 5D gauge theory defined on our orbifold and based on
the gauge group SU(2).
Not all Z2 parity assignments for the gauge fields A
a
M(x, y) (a = 1, 2, 3), (M =
µ, 5) are now possible. The gauge invariance imposes several restrictions. First of
all, the action of Z2 on the 4D vector bosons A
a
µ should be compatible with the
algebra of gauge group. In other words, we should embed Z2 into the automorphism
algebra of the gauge group [29]. For SU(2) this leaves two possibilities: either all
Aaµ are even, or two of them are odd and one is even. Furthermore, a well-defined
parity for the field strength implies that the parity of Aa5 should be opposite to that
of Aaµ. In the basis (A
1
µ, A
2
µ, A
3
µ), up to a re-labeling of the three gauge fields, we can
consider:
(A) Z = diag(+1,+1,+1)
(B) Z = diag(−1,−1,+1) . (2.91)
The boundary conditions on the Aaµ are specified by 3 × 3 matrices Uγ that satisfy
the consistency relation (2.36) and leave the SU(2) algebra invariant. This last
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requirement can be fulfilled by requiring that Uγ is an SU(2) global transformation
that acts on (A1µ, A
2
µ, A
3
µ) in the adjoint representation. Finally, to preserve gauge
invariance, the boundary conditions on the scalar fields Aa5 should be the same as
those on the corresponding 4D vector bosons. This can be seen by asking that
the various components of the field strength F aMN possess well-defined boundary
conditions.
For instance, in the case (A) where all fields Aaµ have even Z2 parity, a consistent
assignment is:
Uβ = diag(−1,−1,+1) , U0 = Uπ = diag(+1,+1,+1) . (2.92)
In the gauge ∂MAaM = 0, the 5D equations of motion read:
− ∂2yAaM = m2AaM . (2.93)
The solutions with the appropriate boundary conditions are:
Aaµ(x, y) = A
a(na)
µ (x) cosmay m1,2R = n1,2 +
1
2
m3R = n3 , (2.94)
where n1,2,3 are non-negative integers. The only zero mode of the system is A
3(0)
µ (x)
and, from a 4D point of view the original gauge symmetry is broken down to the
U(1) associated to this massless gauge vector boson. The breaking of the 5D SU(2)
gauge symmetry is spontaneous and each mode in (2.94), but A
3(0)
µ (x), becomes
massive via a Higgs mechanism. The unphysical Goldstone bosons are the modes
of the fields Aa5(x, y), which are all absorbed by the corresponding massive vector
bosons. On the wall at y = 0 all the gauge fields and the parameters of the gauge
transformations are non-vanishing. Here all the constraints coming from the full
5D gauge invariance are effective. On the contrary on the wall at y = πR, only
A3µ(x, y) and the corresponding gauge parameter are different from zero. Therefore
the effective symmetry at the fixed point y = πR is the U(1) related to the 4D
gauge boson A3µ(x, πR). This kind of setup where the gauge symmetry is broken by
twisted orbifold boundary conditions and the two fixed points are characterized by
two different effective 4D symmetries has recently received lot of attention, for its
successful application in the context of GUTs (see sections 1.2.2).
We have just shown how a gauge symmetry can be broken by means of twisted
fields. It is interesting to note that the same physical system can be described
by using periodic field variables, with discontinuities at the fixed points. This is
achieved, for instance, by means of the boundary conditions
Uβ = U0 = diag(+1,+1,+1) , Uπ = diag(−1,−1,+1) . (2.95)
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The solutions to the equations of motion (2.93) are:
Aaµ(x, y) = A
a(na)
µ (x) ǫ(y/2 + πR/2) cosmay maR = na +
1
2
(a = 1, 2)
A3µ(x, y) = A
3(n3)
µ (x) cosm3y m3R = n3 , (2.96)
where n1,2,3 are non-negative integers. The new solutions A
1,2
µ have cusps at y = πR
(mod 2π), as the profiles denoted by (+,−,+) in fig. 2.3. The two descriptions are
related by the field redefinition
Aaµ(x, y) → ǫ(y/2 + πR/2) Aaµ(x, y) (a = 1, 2) (2.97)
which is a local transformation. As already stressed, this assures that the description
in terms of smooth twisted fields is physically equivalent to the one with periodic
and discontinuous fields.
In the previous example the boundary conditions Uγ commute among themselves
and with the parity Z. As a consequence the rank of the gauge group SU(2) is
conserved in the symmetry breaking. We can lower the rank by assuming [Uγ , Z] 6= 0.
As an example, we consider the parity (B) of eq. (2.91) and boundary conditions
described by:
Uγ = e
θγT
2
T 2 =
 0 0 10 0 0
−1 0 0
 , (2.98)
in the basis (A1µ, A
2
µ, A
3
µ). We allow, at the same time, for a twist θβ ≡ β and two
jumps θ0(π) ≡ δ0(δπ). The matrices Uγ are block diagonal and do not mix the index
2 with the indices (1,3). Thus the boundary conditions are trivial for the odd field
A2µ and its derivative. Non-trivial boundary conditions involve the fields A
1
µ and A
3
µ.
By solving the equations (2.93), we obtain:
A1µ(x, y) = A
(n)
µ (x) sin(my − α(y))
A2µ(x, y) = A
2(n2)
µ (x) sinm2y m2R = n2 (2.99)
A3µ(x, y) = A
(n)
µ (x) cos(my − α(y)) mR = n−
β − δ0 − δπ
2π
,
where n ∈ Z, n2 is a positive integer and the function α(y) has been defined in
section 2.1.2. If β − δ0 − δπ = 0 (mod 2π), we have a zero mode A(0)µ (x) and
the gauge symmetry is spontaneously broken down to U(1), as in the previously
discussed examples. When β − δ0 − δπ 6= 0 (mod 2π), there are no zero modes and
SU(2) is completely broken. We can go continuously from this phase to the phase
where a U(1) survives, by changing the twist and/or the jump parameters. We may
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thus have a situation where U(1) is broken by a very small amount, compared to the
scale 1/R that characterizes the SU(2) breaking. The U(1) breaking order parameter
is the combination β − δ0 − δπ. The same physical system is described by a double
infinity of boundary conditions, those that reproduce the same order parameter. All
these descriptions are equivalent and are related by field redefinitions. In the class
of all equivalent theories one of them is described by continuous fields Aa cµ (x, y). We
go from the generic theory described in terms of (β, δ0, δπ) to that characterized by
(βc ≡ β − δ0 − δπ, δc0 ≡ 0, δcπ ≡ 0), via the field transformation:(
A1 cµ
A3 cµ
)
=
(
cosα(y) − sinα(y)
sinα(y) cosα(y)
)(
A1µ
A3µ
)
. (2.100)
In section 2.2.4 we learned that discontinuous fields are associated to localized
lagrangian terms. We would like to derive these terms also in this case with gauge
fields. The main difference with respect to the free theory examples discussed in
section 2.2.4 is that now the lagrangian contains derivative interactions among the
gauge bosons. In principle these could lead to localized interaction terms, that
would provide a non-trivial extension of the framework considered up to now. To
investigate this point we start from the 5D SU(2) Yang-Mills theory defined by the
parity (A) of eq. (2.91) and by the boundary conditions of eq. (2.92). No jumps are
present and the overall lagrangian is given only by the ‘bulk’ term:
L = −1
4
F a cMNF
a cMN . (2.101)
It is particularly convenient to discuss the physics in the unitary gauge, where all
the would-be Goldstone bosons, eaten up by the massive KK modes, vanish:
Aa c5 (x, y) ≡ 0 (a = 1, 2, 3) . (2.102)
In this gauge F a c5µ ≡ ∂yAa cµ and the lagrangian (2.101) reads:
L = −1
4
F a cµν F
a cµν − 1
2
∂yA
a c
µ ∂yA
a cµ . (2.103)
To discuss the case of discontinuous gauge vector bosons, such as those associated
to boundary conditions (2.95), we can simply perform the field redefinition:
AaˆM (x, y) = χλ(y) A
aˆc
M(x, y) (aˆ = 1, 2) , (2.104)
where the function χλ(y) represents a regularized version of ǫ(y/2 + πR/2). Such
redefinition maps the twisted, smooth fields obeying (2.92) into periodic variables,
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discontinuous at y = πR, as specified in (2.95). Notice that this redefinition does not
change the gauge condition (2.102). If we plug the transformation (2.104) into the
lagrangian (2.103), we obtain the lagrangian for the system characterized by discon-
tinuous fields. We stress that, since this field redefinition is local, the physics remains
the same: the two systems are completely equivalent. The S-matrix elements com-
puted with the two lagrangians are identical and, of course, this equivalence includes
the non-trivial non-abelian interactions. Our aim here is only to understand how
the physics, in particular the non-abelian interactions, are described by the new,
discontinuous variables. From eq. (2.103) we can already conclude that no localized
non-abelian interaction terms arise from the field redefinition (2.104), in the unitary
gauge. Indeed, the only term containing a y derivative is quadratic, and, after the
substitution (2.104), we will obtain terms analogous to those discussed in (2.53) for
the case of a single scalar field. We find:
L = −1
4
F˜ 3µνF˜
3µν − 1
2
∂yA
3
µ∂yA
3µ +
+
1
2
χ2λf
3bˆcˆAbˆµA
cˆ
νF˜
3µν − 1
4
χ4λf
3bˆcˆf 3dˆeˆAbˆµA
cˆ
νA
dˆµAeˆν −
− 1
4
χ2λF
aˆ
µνF
aˆµν − 1
2
χ2λ∂yA
aˆ
µ∂yA
aˆµ −
− 1
2
χ′2λ A
aˆ
µA
aˆµ − χλχ′λ Aaˆµ ∂5Aaˆµ , (2.105)
where F˜ 3µν = ∂µA
3
ν − ∂νA3µ, fabc are the structure constants of SU(2) and the indices
aˆ, bˆ, ... run over 1,2. In the limit λ → 0, the non-abelian interactions are formally
unchanged, whereas the last line represents a set of localized quadratic terms. As
discussed in the case of a real scalar field, such terms guarantee, via the equations
of motion, that the fields obey the new boundary conditions (2.95). In a general
gauge, interaction terms localized at y = πR are present, but they involve non-
physical would-be Goldstone bosons.
After having studied the case of SU(2), we now briefly apply our considerations
to a realistic model. We consider the GUT proposed by Kawamura in ref. [19] and
described in section 1.2.2 and we re-interpret this model with generalized boundary
conditions. We choose parity assignments identical to the original ones, but, instead
of a twist, we require that some fields jump in y = πR. Among gauge fields only
the vector bosons of the coset SU(5) / SU(3) × SU(2) × U(1) jump. In table 2.2
boundary conditions, eigenfunctions and eigenvalues for both the original model
and for our framework are shown. We can observe that the spectra are the same for
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Fields (Z, Uβ) ψK(y) (Z, Uπ) ψour(y) m
Aaµ, λ
2a
L , H
D
u , H
D
d (+,+) cos(my) (+,+) cos(my)
2n
R
Aaˆµ, λ
2aˆ
L , H
T
u , H
T
d (+,−) cos(my) (+,−) ǫ(y2 + πR2 )cos(my) 2n+1R
Aaˆ5,Σ
aˆ, λ1aˆL , Ĥ
T
u , Ĥ
T
d (−,−) sin(my) (−,−) ǫ(y2 + πR2 )sin(my) 2n+1R
Aa5,Σ
a, λ1aL , Ĥ
D
u , Ĥ
D
d (−,+) sin(my) (−,+) sin(my) 2n+2R
Table 2.2: Boundary conditions, eigenfunctions and spectra for fields in the Kawa-
mura model in the traditional scheme (2nd, 3rd and 6th columns) and in our frame-
work (4th, 5th and 6th columns).
all fields in both cases, while eigenfunctions are identical for continuous fields but
different for jumping fields. The relation between the two sets of eigenfunctions is
analogous to the one between eq. (2.94) and eq. (2.96) and they are related by a
local field redefinition analogous to eq. (2.97).
Also in this case we can perform the field redefinition at the level of the la-
grangian in order to find the localized terms related to jumps in this model. For
simplicity we consider only the Yang-Mills term of the lagrangian, neglecting both
the supersymmetric part and the Higgs terms:
L = −1
4
F αMNF
αMN . (2.106)
Applying the usual field redefinition and choosing the unitary gauge, this becomes:
L = −1
4
F˜ aµνF˜
aµν − 1
2
∂yA
a
µ∂yA
aµ +
+
1
2
ǫ2fabˆcˆAbˆµA
cˆ
νF˜
aµν − 1
4
ǫ4fabˆcˆfadˆeˆAbˆµA
cˆ
νA
dˆµAeˆν −
− 1
4
ǫ2F aˆµνF
aˆµν − 1
2
ǫ2∂yA
aˆ
µ∂yA
aˆµ −
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− 2 δ2(y − πR) AaˆµAaˆµ + 2ǫδ(y − πR) Aaˆµ ∂5Aaˆµ , (2.107)
where F˜ aµν = ∂µA
a
ν − ∂νAaµ − fabcAbµAcν . Also in this example we obtain mass terms
that are localized where the fields have discontinuities.
2.5 Application to Supersymmetry Breaking
In this section we exploit the demonstrated equivalence between “twist and jumps”
to show how brane-induced SUSY breaking in 5D, which reproduces the main fea-
tures of gaugino condensation in M-theory, is equivalent to SS SUSY breaking.
We consider pure 5D Poincare´ supergravity in its on-shell formulation [30]. The
supergravity multiplet contains the fu¨nfbein e AM , the gravitino ΨM and the gravipho-
ton BM . The 5D bulk Lagrangian is:
κLbulk = − 1
2κ2
e5R5 − 1
4
e5FMNF
MN − κ
6
√
6
ǫMNOPQFMNFOPBQ +
+iǫMNOPQΨMΣNODPΨQ − i
√
3
2
κ
2
e5FMNΨ
M
ΨN +
+i
√
3
2
κ
4
ǫMNOPQFMNΨOΓPΨQ + 4−fermion terms . (2.108)
Here κ = M−15 = (πR/M
2
P l)
1
3 is the inverse reduced 5D Planck mass (R is the
compactification radius), R5 is the 5D scalar curvature, e5 = det e
A
M , e4 = det e
a
m
(where the latter are the components of the fu¨nfbein with 4D indices), ǫMNOPQ =
e5e
M
A e
N
B e
O
C e
P
D e
Q
E ǫ
ABCDE , ǫmnop = e4e
m
a e
n
b e
o
c e
p
d ǫ
abcd and ǫ0ˆ1ˆ2ˆ3ˆ5ˆ = ǫ0ˆ1ˆ2ˆ3ˆ = +1. This
lagrangian is invariant under appropriate SUSY transformations (see eq. (2.2) of
ref. [28]).
We work on the orbifold S1/Z2 and we assume that our fields are fluctuations of
the background
〈gMN〉 =
(
ηmn 0
0 r2
)
, (2.109)
where r2 = (RM5)
2 = (M2P lR
2/π)2/3 and all other background fields are assumed
to vanish. We define the action of the orbifold symmetry in such a way that the
action, the transformation laws and the background are all invariant. Writing the
spinors in the notation (A) of eq. (2.7), we assign even Z2-parity to
e am e55ˆ B5 ψ
1
m ψ
2
5 η
1 , (2.110)
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and odd Z2-parity to
e a5 em5ˆ Bm ψ
2
m ψ
1
5 η
2 . (2.111)
From a 4D point of view, the physical spectrum contains one massless N = 1
gravitational multiplet, with spins (2, 3/2), built from the zero modes of e am and ψ
1
m;
one massless N = 1 chiral multiplet, with spins (1/2, 0), composed of the zero modes
of ψ25 , e55ˆ and B5; and an infinite series of massive multiplets of N = 2 supergravity,
with spins (2, 3/2, 3/2, 1) and squared masses
M2n =
n2
R2
, (n = 1, 2, . . .) . (2.112)
The KK tower gains mass through an infinite series of Higgs and super-Higgs effects,
each occurring at its own mass level. The KK gravitons and graviphotons gain
mass by eating the Fourier modes of the fields gm5, g55 and B5, while the massive
gravitinos eat the Fourier modes of the field Ψ5. This is consistent with the fact that
the parameter of 5D SUSY, η(xM), has an infinite number of Fourier modes. Each of
the modes generates a SUSY; in the absence of matter, all but one are spontaneously
broken. The broken SUSYs implement an infinite series of super-Higgs effects for
the massive gravitinos. The remaining SUSY is the N = 1 of the 4D low-energy
effective action.
We now introduce the brane action. Since we are not interested in the brane
dynamics, we imagine that the brane fields are integrated out, leaving a constant
superpotential vev on each brane. The action is:
Sbrane =
κ2
2
∫
d4x
∫ +πκ
−πκ
dy e4
[
δ(y)P0 + δ(y − πκ)Pπ
]
ψ1aσ
abψ1b + h.c. , (2.113)
where P0 and Pπ are complex constants with the dimension of (mass)
3 which
parametrize the vevs of the superpotentials. With a simple modification of the
bulk SUSY transformations the whole action Sbulk + Sbrane is invariant (for details
see ref. [28]).
The presence of these superpotential vevs induces SUSY breaking. In section 4
of ref. [28] the symmetry breaking mechanism as well as the super-Higgs effect are
studied in details. Here we report only the fundamental results. When P0 6= −Pπ
SUSY is broken spontaneously: the fields ψ15,ρ(x
µ), ψ25,0(x
µ) and ψ25,ρ(x
µ) (ρ > 0 is
the KK index) are the goldstinos absorbed by the gravitinos ψ1m,0(x
µ), ψ1m,ρ(x
µ) and
ψ2m,ρ(x
µ). If we move to the unitary gauge the goldstinos are eliminated from the
lagrangian. On the contrary, when P0 = −Pπ SUSY is preserved and we are left
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with a massless gravitino that indicates that N = 1 SUSY is left unbroken. The
gravitino mass spectrum is the following:
M(ρ)3/2 =
ρ
R
+
δ0 + δπ
2πR
, (ρ ∈ Z) , (2.114)
where
δ0 (π) = 2 arctan
κ3P0 (π)
2
. (2.115)
We can directly observe that when P0 6= −Pπ the gravitino masses are shifted with
respect to their SUSY partners and the lightest gravitino has a non-vanishing mass.
These facts show that SUSY is indeed spontaneously broken.
In previous paragraphs we showed that localized superpotential vevs can induce
SUSY breaking. Here we would like to reproduce the same results by means of a SS
twist, working in the opposite direction with respect to what done in section 2.4 for
the Kawamura model.
We start from the lagrangian (2.108) for smooth fields Ψc. Since it is invariant
under the transformations of a global SU(2)R symmetry, we can twist the periodicity
conditions for the gravitino (now written as in notation (B) of eq. (2.7)):
ΦcM(y + 2πκ) = e
−iβcσ̂2ΦcM(y) . (2.116)
The spectrum corresponding to these boundary conditions turns out to be:
M(ρ)3/2 =
ρ
R
− β
c
2πR
, (ρ ∈ Z) , (2.117)
that is the classical SS spectrum. We observe that if we choose βc = −δ0 − δπ it
coincides with the gravitino spectrum of eq. (2.114). Are the two descriptions really
equivalent? To prove this we perform the following field redefinition:
ΦcM (y) = e
−iα(y)σ̂2ΦM (y) , (2.118)
where α(y) is the step function defined in eq. (2.23). It is possible to check that the
fields ΦM(y) obey the following jump conditions at orbifold fixed points:
ΦM(+ξ) = e
iδ0σ̂
2
ΦM (−ξ) , ΦM(πκ + ξ) = eiδπσ̂
2
ΦM (πκ− ξ) . (2.119)
They also have a twist β = βc+ δ0+ δπ. If we choose once again β
c = −δ0− δπ they
become periodic, as in the framework of brane-induced SUSY breaking.
We perform now the field redefinition (2.118) in the bulk action and we obtain:
Sbulk(Ψ
c, ∂Ψc) = Sbulk(Ψ, ∂Ψ) + Sbrane(Ψ, ∂Ψ) (2.120)
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where Sbrane(Ψ, ∂Ψ) coincides with eq. (2.113). Starting from a bulk action for
continuous and twisted fields we arrived, simply performing a local field redefinition,
to a bulk-plus-brane action for periodic fields. The localized terms can be interpreted
as superpotential vevs, remnants of some brane dynamics, which are responsible of
SUSY breaking. Since the two systems are equivalent, we can assert that brane-
induced SUSY breaking is equivalent to SS SUSY breaking.
In the previous discussion we have performed a particular field redefinition, in or-
der to prove the equivalence of the SS compactification to the mechanism of ref. [28].
In section 2.3 we showed that there is an infinity of equivalent lagrangians, corre-
sponding to the general field redefinition
ΨcM(y) = V (y) Ψ˜M(y) , (2.121)
where Ψ˜M(y) are periodic fields and V (y) satisfies the conditions of eqs. (2.68). If
we perform this field redefinition in the bulk lagrangian of eq. (2.108) we obtain:
L(ΨM , ∂ΨM ) = L(Ψ˜M , ∂Ψ˜M) +
{
− i
2
[m1(y) + im2(y)] ψ˜1mσ
mnψ˜1n (2.122)
+
i
2
[m1(y)− im2(y)] ψ˜2mσmnψ˜2n + im3(y) ψ˜1mσmnψ˜2n + h.c.
}
,
with mi defined in section 2.3. These infinite lagrangians describe all the same
physics of the brane-induced SUSY breaking scheme of ref. [28].

Chapter 3
Flavour Symmetry Breaking
3.1 Flavour Physics in Four and More Dimen-
sions
Since its foundation in the 1960’s, the SM had passed all experimental tests and
had been confirmed even in precision measurements, first in the sector of gauge
interactions and more recently in the quark sector. Recent experiments on neutrino
physics have clarified the picture in the lepton sector, suggesting that neutrinos
should be massive and that a mixing should exist also for leptons. In spite of
its success, also guided form hints coming from neutrino physics, many physicists
believe that the SM does not represent the final theory, but rather that it has to
be considered as an effective theory originating from a more fundamental one. For
instance there is a little understanding, within the SM, about the intrinsic physics
of ESB, the hierarchy of charged fermion mass spectra, the smallness of neutrino
masses and the origin of flavour mixing and CP violation. Moreover fermion replica
are introduced on the base of the experience, but the theory is not able to explain
why there are precisely three families.
The investigation of fermion masses and flavour mixing problems can be traced
back to the early 1970’s. Since then many approaches have been developed, but
our understanding of flavour physics still remains unsatisfactory: in many cases the
problem seems to be transferred from one place to another, instead of being solved.
The main idea developed in most of the models is that of a flavour symmetry holding
at some energy scale. Certainly at our energies this symmetry must be broken, but
we do not know at which scale it is restored. If at this scale a conventional 4D picture
still holds, we can analyze the flavour problem in the context of a local quantum
field theory in four space-time dimensions. Here the most powerful tool that we have
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to decipher the observed hierarchy among the different masses and mixing angles
is that of spontaneously broken flavour symmetries [31]. In the idealized limit of
exact symmetry, only the heaviest fermions are massive: the top quark and, maybe,
the whole third family. The lightest fermions and the small mixing angles originate
from breaking effects. This beautiful idea has been widely explored in many possible
versions, with discrete or continuous symmetries, global or local ones. A realistic
description of fermion masses in this framework typically requires either a large
number of parameters or a high degree of complexity and we are probably unable
to select the best model among the many existing ones. Moreover, in 4D we have
little hopes to understand why there are exactly three generations.
It might be the case that at the energy scale characterizing flavour physics a 4D
description breaks down. For instance this happens in superstring theories where the
space-time is ten or eleven-dimensional. In the 10D heterotic string six dimensions
can be compactified on a Calabi-Yau manifold [32] or on orbifolds and the flavour
properties are strictly related to the features of the compact space. In Calabi-
Yau compactifications the number of chiral generations is proportional to the Euler
characteristics of the manifold. In orbifold compactifications, matter in the twisted
sector is localized around the orbifold fixed points and the Yukawa couplings, arising
from world-sheet instantons, have a natural geometrical interpretation [33]. Recently
string realizations where the light matter fields of the SM arises from intersecting
branes have been proposed. Also in this context the flavour dynamics is controlled
by topological properties of the geometrical construction [34], having no counterpart
in 4D field theories.
Perhaps in the future the flavour mystery will be unraveled by string theory,
but in the meantime it would be interesting to explore, in a pure field theoretical
construction, the new possibilities offered by extra space-like dimensions. For in-
stance in orbifold compactifications light 4D fermions may be either localized at the
orbifold fixed points or they may arise as zero modes of higher-dimensional spinors,
with a wave function suppressed by the square root of the volume of the compact
space. This led to several interesting proposals. It has been suggested that the
smallness of neutrino masses could be reproduced if the left-handed active neutrinos
sit at a fixed point and the right-handed sterile partners live in the bulk of a large
fifth dimension [35]. In 5D GUTs the heaviness of the third generation can be ex-
plained by localizing the corresponding fields on a fixed point, whereas the relative
lightness of the first two generations as well as the breaking of the unwanted mass
relations can be obtained by using bulk fields [22, 36]. Unfortunately in most models
fermions are put “by hands” in the bulk or on the branes, while we would like to
have a criterion suggesting their location.
A dynamical localization of chiral fermions is possible when a higher-dimensional
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spinor interacts with a non-trivial background of solitonic type. It has been known
for a long time that this provides a mechanism to obtain massless 4D chiral fermions [37].
As an example we can consider a theory with one infinite extra dimension and we
can couple the fermion field ψ to a scalar background φ. The lagrangian of the
system is:
L = iψ¯ΓA∂Aψ + gφψ¯ψ , (3.1)
where ψ = (ψL ψR)
T , with ψL,R 4D chiral fermions depending also on x5, φ is an
x5-dependent scalar field and A = µ, 5. The 4D zero modes are the solution of
iΓ5∂5ψ + gφψ = 0 (3.2)
and they are precisely:
ψL,R(x, x5) ∝ e
∓g
∫ x5
x0
5
du φ(u)
ψL,R(x) . (3.3)
We immediately observe that φ cannot be a constant since in a non compact space
ψL,R would not be normalizable. On the contrary if φ is soliton-like we can obtain
one normalizable chiral zero mode. For example if φ(x5) = ǫ(x5 − x05), where ǫ(x)
is the sign function, and g > 0 (g < 0), only the left(right) mode will survive and
moreover it will be localized around x05 that is the core of the topological defect:
ψL,R(x, x5) ∝ e∓g|x5 − x
0
5| ψL,R(x) . (3.4)
Coupling a higher-dimensional spinor to a solitonic background is then a method
to get chiral fermions without introducing any orbifold compactification. Moreover
fermions are localized and we can decide the localization point simply by adding
a mass term to the lagrangian: if we add Mψ¯ψ the fermion will be concentrated
around the point where φ(x5) = −M .
The dynamical localization of zero modes can be used to explain the observed
hierarchy in the fermion spectrum and the intergenerational mixing. This has been
suggested first in ref. [38] and then has been extensively used in many following
proposals [39, 40, 41]. In this kind of models mass terms arise from the overlap
among fermion and Higgs wave functions. If we consider the simplest case of constant
Higgs vev, an ad hoc localization of fermions in the extra dimensions such as the
one proposed in ref. [39] (see fig. 3.1) can lead to the observed mass spectrum.
In fact we see that the left and right wave functions of heavy quarks have a
greater overlap than the ones of light quarks, the latter being located farer from
each others in the extra dimension. If we relax the hypothesis of constant Higgs we
can also obtain the correct mass spectrum with only three localization points, one
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Figure 3.1: Locations and profiles of quark wave functions in the fifth dimension.
Qi are the quark doublets, Di are dR, sR, bR and Ui are uR, cR, tR.
per generation. For instance this can be achieved with an exponentially decaying
Higgs (see fig. 3.2) [40]. In both cases there is an exponential mapping between the
parameters of the higher-dimensional theory and the 4D masses and mixing angles,
so that even with parameters of order one large hierarchies are created. The number
of parameters we need is not lowered, but now they are all of the same magnitude.
In orbifold compactifications, solitons are simulated by scalar fields with a non-
trivial parity assignment that forbids constant non-vanishing vevs. Under certain
conditions, the energy is minimized by field configurations with a non-trivial depen-
dence upon the compact coordinates [42]. As an example we consider the orbifold
M4 × S1/Z2 and we choose ψL(ψR) even(odd) under Z2 and φ odd, from which
it follows that
∫
du φ(u) is even. If then we calculate the zero modes we see from
eq. (3.3) that only ψL is acceptable: ψR would be even, contrary to the initial as-
signment. In particular if we choose φ(x5) = ǫ(x5), where ǫ(x5) is now the periodic
sign function, we obtain:
ψL(x, x5) ∝ e−g|x5|per ψL(x) . (3.5)
ψL is localized at x5 = 0 or at x5 = πR depending on the sign of g. Also in this
case we have obtained a chiral localized zero mode, but while with an infinite extra
dimension it was the normalization making the theory chiral, here it is a consequence
of orbifold projection.
In models like the ones described above, from one higher-dimensional spinor we
get one 4D chiral zero mode. Is it possible to obtain as many chiral fermions as
we want starting from one single higher-dimensional spinor? The answer to this
question was given already in the 80’s (see refs. [37]) when it had been shown that
coupling a fermion to a topologically non-trivial background could produce a number
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Figure 3.2: Locations and profiles of fermion wave functions in the fifth dimension
with an exponentially decaying Higgs; here only one fermion per family is displayed.
of zero modes related to the topology of the background itself. Recently these results
have been re-derived in a more phenomenological context. For instance, in the model
studied in ref. [43], the authors consider a topological defect in two infinite extra
dimensions whose core corresponds to our 4D world. Chiral fermion zero modes
are trapped in the core by specific interactions with the vortex of winding number
k which builds up the defect. In this case an index theorem guarantees that the
number of chiral zero modes is equal to the topological charge k. Starting from
one single 6D spinor and choosing k = 3 they obtain three 4D fermion species with
identical gauge and global quantum number, which differ among themselves only in
the dependence on the extra coordinates. If we trap in the core the Higgs field by
coupling it to the vortex, his overlap with different fermion functions generates the
observed hierarchy of masses. To obtain the correct mixing angles the model has to
be complicated a little by introducing another scalar field which, combined with the
first one, builds up a new defect. Although this model is not very simple, it gives an
answer both to the flavour problem and to the question of the number of families.
Recently it has been extended to the case of two extra dimensions compactified on a
sphere [44]. A compact extra space has the advantage of localizing the gauge fields
in a finite region.
Among the previously discussed models only the latter try to give an explanation
of the origin of fermion replica. Then one may think that only with the introduction
of a topological defect it is possible to address both the issues. This is not true. It
is well known in fact that a spinor in d dimensions have 2[d/2] complex components,
that means it can contain many 4D replica. In 5D a fermion contains two 4D
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components with opposite chirality; after projecting out the wrong chirality, for
example with an orbifold projection, we are left with a single generation. One extra
dimension is then not enough to our purpose. In 6D fermions can be chiral and a 6D
chiral fermion has the same content of a 5D fermion. If we consider a 6D vector-like
fermion and we project out through orbifolding the unwanted chirality we are left
with two replica with the same chirality and the same quantum numbers. In order
to have a realistic model we need three families, so also two extra dimensions are
not enough. But in order to understand if this kind of models can account both
for the mass hierarchy and the flavour mixing and how this can work, we can begin
to explore this simplified case. This has been done in ref. [45] where the authors
proposed a 6D toy model that we describe in the following section.
3.2 A Toy Model for Two Generations
3.2.1 Localized Fermions
We consider two extra spatial dimensions compactified on the orbifold T 2/Z2, where
T 2 is the torus defined by xi → xi + 2πRi (i = 5, 6) and Z2 is the parity symmetry
(x5, x6) → (−x5,−x6). As fundamental region of the orbifold we can take, for
instance, the rectangle (|x5| ≤ πR5), (0 ≤ x6 ≤ πR6) (see fig. 3.3). There are four
inequivalent fixed points under Z2. In the chosen fundamental region they can be
identified with (x5, x6) = (0, 0), (πR5, 0), (0, πR6), (πR5, πR6).
Since we want to reproduce the SM, we ask invariance under the gauge group
SU(3)⊗SU(2)⊗U(1). As discussed in the previous section, we want to end with two
fermion replica, so that we need to start with vector-like fermions. To justify this
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Figure 3.3: Fundamental region of the orbifold T 2/Z2.
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field SU(3) SU(2) U(1)
Ψ(1) 3 2 +1/6
Ψ(2) 3 1 +2/3
Ψ(3) 3 1 -1/3
Ψ(4) 1 2 -1/2
Ψ(5) 1 1 -1
Table 3.1: Vector-like 6D fermions and their gauge quantum numbers.
choice we also ask invariance under 6D parity. As a consequence, the lagrangian
has 6D vector-like fermions Ψ(α) (α = 1, ...5), one for each irreducible representation
of the SM, as summarized in table 3.1. With this set of fermion fields, our model
is automatically free from 6D gauge anomalies. As we will see later on, requiring
exact 6D parity symmetry is too strong an assumption to obtain a ‘realistic’ fermion
spectrum. Although eventually we will relax this assumption, for the time being we
carry on our construction by enforcing 6D parity invariance. We have:
Lg = Lgauge + i
5∑
α=1
Ψ(α)ΓMDMΨ
(α) , (3.6)
where Lgauge stands for the 6D kinetic term for the gauge vector bosons AM (M =
µ; i = 0, ...3; 5, 6) of SU(3)⊗SU(2)⊗U(1), ΓM are the 6D gamma matrices and
DMΨ
(α) denotes the appropriate fermion covariant derivative. We recall that, up to
the (x5, x6) dependence, a 6D vector-like spinor is equivalent to a pair of 4D Dirac
spinors: Ψ = (η, χ)T . Moreover each 6D fermion can be split into two chiralities
Ψ = Ψ+ + Ψ−, eigenstates of Γ7: Ψ± = (1± Γ7)/2 Ψ. We choose a representation
for the Dirac matrices in 6D where Γ7 = γ5 ⊗ σ3 (see appendix A), where σ3 is
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the third Pauli matrix, so that in terms of 4D chiralities we have: Ψ+ = (ηR, χL)
T
and Ψ− = (ηL, χR)
T . Each component ηL,R, χL,R transforms in the same way under
the gauge group. All fields are assumed to be periodic in x5 and x6. By inspect-
ing the kinetic terms, we see that consistency with the orbifold projection requires
a non-trivial assignment of the Z2 parity. We take Aµ even under Z2 and Ai Z2-
odd. In the fermion sector, ηR(L) and χR(L) should have the same Z2 parity, which
should be opposite for ηR(L) and χL(R). We choose Z2(η
(α)
R , χ
(α)
L , η
(α)
L , χ
(α)
R ) equal to
(−1,+1,+1,−1) for α = 1, 4, and (+1,−1,−1,+1) for α = 2, 3, 5. At this level
the zero modes are the gauge vector bosons of the SM and two independent chi-
ral fermions for each irreducible representation of the SM, describing two massless
generations. There are no gauge anomalies in our model. Bulk anomalies are ab-
sent because the 6D fermions are vector-like. There could be gauge 4D anomalies
localized at the four orbifold fixed points [46, 47]. In our model based on T 2/Z2,
the anomalies are the same at each fixed point and they actually vanish with the
quantum number assignments of table 3.11. Indeed they are proportional to the
anomalies of the 4D zero modes, which form two complete fermion generations,
thus providing full 4D anomaly cancellation. Fermion masses in 6D and Yukawa
couplings do not modify this conclusion.
In the absence of additional interactions, each zero mode is constant with re-
spect to x5 and x6. Even by introducing a 6D (parity invariant) Yukawa interaction
between fermions and a Higgs electroweak doublet, we do not break the 4D flavor
symmetry, which is maximal. The first step to distinguish the two fermion genera-
tions is to localize them in different regions of the compact space. In our model this
can be done in a very simple way, by introducing a 6D fermion mass term
Lm =
5∑
α=1
m(α)Ψ(α)Ψ
(α)
=
5∑
α=1
m(α)Ψ(α)
(
1− Γ7
2
)
Ψ(α) + h.c. , (3.7)
where 6D parity requires m(α) to be real. This term is gauge invariant and relates
left and right 4D chiralities. Therefore the mass parameters m(α) are required to be
Z2-odd and cannot be constant in the whole (x5, x6) plane. The simplest possible
1We have explicitly checked this by adapting the analysis described in ref. [47].
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choice for m(α) is a constant in the orbifold fundamental region
2:
m(α)(x5, x6) = µ(α)ǫ(x6) , (3.8)
where ǫ(x6) denotes the (periodic) sign function. This function can be regarded as a
background field. In a more fundamental theory it could arise dynamically from the
vev of a gauge singlet scalar field, periodic and Z2-odd [42]. Then the parameters
µ(α) would essentially represent Yukawa couplings. In our toy model we regard ǫ(x6)
as an external fixed background and neglect its dynamics.
The properties of the 4D light fermions are now described by the zero modes of
the 4D Dirac operator in the background proportional to ǫ(x6). These zero modes
are the normalized solutions to the differential equations:
(∂5 + i∂6)χ
(α)
L + µ(α)ǫ(x6)η
(α)
L = 0
(∂5 − i∂6)η(α)L + µ∗(α)ǫ(x6)χ(α)L = 0
−(∂5 + i∂6)χ(α)R + µ∗(α)ǫ(x6)η(α)R = 0
−(∂5 − i∂6)η(α)R + µ(α)ǫ(x6)χ(α)R = 0 , (3.9)
with periodic boundary conditions for all fields and with the Z2 parities defined
above. Combining eqs. (3.9) together we obtain the following second order partial
differential equations, holding in the whole (x5, x6) plane:
(∂25 + ∂
2
6) χ
α
L − |µ(α)|2 ǫ2(x6) χαL − 2 i µ(α) (−1)k δk(x6) ηαL = 0
(∂25 + ∂
2
6) η
α
L − |µ(α)|2 ǫ2(x6) ηαL + 2 i µ∗(α) (−1)k δk(x6) χαL = 0
(∂25 + ∂
2
6) χ
α
R − |µ(α)|2 ǫ2(x6) χαR + 2 i µ∗(α) (−1)k δk(x6) ηαR = 0
(∂25 + ∂
2
6) η
α
R − |µ(α)|2 ǫ2(x6) ηαR − 2 i µ(α) (−1)k δk(x6) χαR = 0 (3.10)
where k is an integer, δk(x6) ≡ δ(x6 − kπR6) and the sum over k is understood.
The advantage of working with eqs. (3.10) is that in the bulk these equations are
decoupled and identical for all fields. Away from the lines x6 = kπR6, k ∈ Z, they
read:
(∂25 + ∂
2
6) φ− |µ(α)|2 φ = 0 (3.11)
with appropriate boundary conditions. Here φ stands for χαL, η
α
L, χ
α
R, η
α
R. In each
strip kπR6 < x6 < (k + 1)πR6, the general solution to this equation can be written
2Of course there is not a unique way of choosing the fundamental region and this leads to
several possible choices for m(α). Although we are now regarding µ(α) as real parameters, in the
next section we will also need results for complex µ(α). For this reason we carry out our analysis
directly in the complex case.
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in the form:
φ(k)(x, x5, x6) =
∑
n∈Z
 C(k)n (x) eαn
x6
R5 + C ′(k)n (x) e
−αn x6
R5
 ein x5R5 (3.12)
with αn =
√
n2 + |µα|2R25. These solutions can be glued together by imposing
periodicity along x6, Z2 parity and the appropriate discontinuity across the lines x6 =
kπR6. This last requirement can be directly derived from eqs. (3.9) and eqs. (3.10).
The fields φ should be continuous everywhere, whereas their first derivatives have
discontinuities ∆(k)(∂6φ) given by:
∆(2k)(∂6φ) = −2 i s(φ′)φ′(2kπR6) at x6 = 2kπR6
∆(2k+1)(∂6φ) = 2 i s(φ
′)φ′((2k + 1)πR6) at x6 = (2k + 1)πR6
(3.13)
where (φ, φ′) = (χαL, η
α
L), (η
α
L, χ
α
L), (χ
α
R, η
α
R), (η
α
R, χ
α
R) and
s(φ′) =
{ −µα if φ′ = ηαL, χαR
µ∗α if φ
′ = ηαR, χ
α
L
. (3.14)
These requirements have a non-trivial solution only for n = 0, that means the zero
modes are independent of x5. We obtain:
• α = 1, 4
(
η
(α)
R
χ
(α)
R
)
= 0 (3.15)
(
η
(α)
L
χ
(α)
L
)
= f
(α)
1 (x)
 1
i
µ(α)
|µ(α)|
 ξ(α)1 (x5, x6) + f (α)2 (x)
 1−i µ(α)|µ(α)|
 ξ(α)2 (x5, x6) ,
• α = 2, 3, 5
(
η
(α)
R
χ
(α)
R
)
= f
(α)
1 (x)
 1−i µ ∗(α)|µ(α)|
 ξ(α)1 (x5, x6) + f (α)2 (x)
 1
i
µ ∗(α)
|µ(α)|
 ξ(α)2 (x5, x6)(
η
(α)
L
χ
(α)
L
)
= 0 , (3.16)
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where f
(α)
1,2 (x) are 4D chiral spinors:
f
(1)
1 =
(
uL
dL
)
f
(1)
2 =
(
cL
sL
)
f
(2)
1 = uR f
(2)
2 = cR
f
(3)
1 = dR f
(3)
2 = sR
f
(4)
1 =
(
νeL
eL
)
f
(4)
2 =
(
νµL
µL
)
f
(5)
1 = eR f
(5)
2 = µR
, (3.17)
whereas ξ
(α)
1,2 (x5, x6) are functions describing the localization of the zero modes in
the compact space:
ξ
(α)
1 (x5, x6) =
e−π|µ(α)|R6√
2πR5
√|µ(α)|√
1− e−2π|µ(α)|R6
e |µ(α)x6|per
ξ
(α)
2 (x5, x6) =
1√
2πR5
√|µ(α)|√
1− e−2π|µ(α)|R6
e−|µ(α)x6|per . (3.18)
In the above equations |x6|per denotes a periodic function, coinciding with the ordi-
nary |x6| in the interval [−πR6, πR6]. As in the case m(α) = 0, for each 6D spinor
we have two independent chiral zero modes, whose 4D dependence is described by
f
(α)
1,2 . They are still constant in x5, but not in x6. Indeed, the zero mode propor-
tional to f
(α)
2 is localized at x6 = 0 (mod 2πR6), whereas that proportional to f
(α)
1 is
peaked around x6 = πR6 (mod 2πR6) (see fig. 3.4). The two zero modes with well-
defined localization properties in the compact space have non-trivial components
both along η and along χ and they are orthogonal to each other. The constant
factors in eqs. (3.18) normalize the zero modes to 1. In our toy model, the number
of zero modes is not related to a non-trivial topological property of the background
ǫ(x6). The two zero modes are determined by the orbifold projection. The presence
of the background only induces a separation of the corresponding wave functions in
the compact space. Actually we can go smoothly from localized to constant wave
functions, by turning off the constants µ(α), as apparent from eqs. (3.18).
With the introduction of the background, we now have two fermion generations,
one sat at x6 = 0 and the other at x6 = πR6. From the point of view of the 4D
observer, who cannot resolve distances in the extra space, there is still a maximal
flavour symmetry and, indeed, all fermions are still massless at this level. Fermions
can acquire masses in the usual way, by breaking the electroweak symmetry via the
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Figure 3.4: Wave functions ξ
(α)
1,2 (x5, x6), in units of
√
R5R6. They have been obtained
by choosing |µ(α)|R6 = 1(3) for continuous(dashed) lines.
non-vanishing vev of a Higgs doublet H . If such a vev were a constant in x6, then we
would obtain equal masses for the two fermion generations. Thus, to break the 4D
flavour symmetry we need a non-trivial dependence of the Higgs vev upon x6. There
are several ways to achieve this. For instance, we might assume that H is a bulk
field. Under certain conditions it may happen that the minimum of the energy is no
longer x6-constant. Examples of this kind are well-known in the literature [48]. If H
interacts with a suitable x6-dependent background, there is a competition between
the kinetic energy term, which prefers constant configurations, and the potential
energy term, which may favour a x6-varying vev. In non-vanishing portions of the
parameter space the minimum of the energy can depend non-trivially on x6. In the
minimal version of our toy model we will simulate this dependence in the simplest
possible way, by introducing a Higgs doublet H with hypercharge +1/2 localized
along the line x6 = 0
3. The most general Yukawa interaction term invariant under
Z2, 6D parity and SU(3) ⊗ SU(2) ⊗ U(1) reads:
LY =
[
yu H˜
† Ψ(2)Ψ(1) + yd H
† Ψ(3)Ψ(1) + ye H
† Ψ(5)Ψ(4) + h.c.
]
δ(x6) , (3.19)
3Alternatively, we could assume that H is localized at the orbifold fix point (x5, x6) = (0, 0).
From the point of view of fermion masses and mixing angles, the two choices are equivalent. To
avoid singular terms in the action, we could also consider a mild localization, described by some
smooth limit of the Dirac delta functions involved in the present treatment. Our results would not
be qualitatively affected.
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where H˜ = iσ2H∗. Notice that H has dimension +3/2 and y has dimension -3/2,
in mass units. In the next section we will see how a realistic pattern of masses and
mixing angles arises from these Yukawa interactions.
Summarizing, our model is described by the lagrangian:
L = Lg + Lm + LY + LH , (3.20)
where Lg, Lm, LY are given in eqs. (3.6), (3.7) and (3.19), respectively, while LH ,
localized at x6 = 0, contains the kinetic term for the Higgs doublet and the scalar
potential that breaks spontaneously SU(2)⊗U(1). The complex phases in yi can
be completely eliminated via field redefinitions: in the limit of exact 6D parity
symmetry all parameters are real.
3.2.2 Masses and Mixing Angles
The fermion mass terms arise from LY after ESB, here described by 〈H〉 = (0 v/
√
2)T .
To evaluate the fermion mass matrices we should expand the 6D fermion fields in
4D modes and then perform the x5 and x6 integrations. In practice, if we focus on
the lightest sector, we can keep only the zero modes in the expansion. We obtain:
mu =
yu√
2
v
√|µ(1)µ(2)|
2
√
(1− λ21)(1− λ22)
(
cu− λ1λ2 cu+ λ2
cu+ λ1 cu−
)
md =
yd√
2
v
√|µ(1)µ(3)|
2
√
(1− λ21)(1− λ23)
(
cd− λ1λ3 cd+ λ3
cd+ λ1 cd−
)
me =
ye√
2
v
√|µ(4)µ(5)|
2
√
(1− λ24)(1− λ25)
(
ce− λ4λ5 ce+ λ5
ce+ λ4 ce−
)
, (3.21)
where
cu± = 1±
µ(1)µ(2)
|µ(1)µ(2)| , cd± = 1±
µ(1)µ(3)
|µ(1)µ(3)| , ce± = 1±
µ(4)µ(5)
|µ(4)µ(5)| , (3.22)
and
λα = e
−π|µ(α)|R6 . (3.23)
These mass matrices, here given in the convention fRmffL, are not hermitian. It
is interesting to see that, for generic order-one values of the dimensionless combina-
tions cf± and µ(α)R6, the mass matrices display a clear hierarchical pattern. Fermion
masses of the first generation are suppressed by λ(α)λ(β) compared to those of the
second generation and mixing angles are of order λ(α) or λ(β). This is quite similar to
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what obtained in 4D models with a spontaneously broken flavour symmetry. Here
the roˆle of small expansion parameters is played by the quantities λα. However in
our parity invariant model, the parameters µ(α) are real and the coefficients cf± are
‘quantized’. Either cf+ or cf− should vanish and this implies no mixing. Indeed
when 6D parity is conserved, we have only two possible orientations of the fermion
zero modes in the (η, χ) space: either (1, i) or (1,−i), as apparent from eqs. (3.15)
and (3.16). Thus the scalar product between two zero modes in the (η, χ) space is ei-
ther maximal or zero. Modulo a relabeling among first and second generations, this
gives rise to a perfect alignment of mass matrices and a vanishing overall mixing. To
overcome this problem, we should relax the assumption of exact 6D parity symme-
try4. We will assume that 6D parity is broken ‘softly’, by the fermion-background
interaction described by Lm. This can be achieved by taking complex values for
the mass coefficients µ(α)
5. In a fundamental theory such a breaking could be spon-
taneous: if m(α) were complex fields, then the lagrangian would still be invariant
under 6D parity acting as m(α) ↔ m†(α). It might occur that the dynamics of the
fields m(α) led to complex vevs for m(α), thus spontaneously breaking parity. In our
toy model we will simply assume the existence of such a complex background. All
the relations that we have derived hold true for the complex case as well and we
have now hierarchical mass matrices with a non-trivial intergenerational mixing. By
expanding the results at leading order in λα we find:
mc = |yu|v
√|µ(1)µ(2)|
2
√
2
|cu−| mu
mc
=
|c2u+ − c2u−|
|cu−|2 λ1λ2
ms = |yd|v
√|µ(1)µ(3)|
2
√
2
|cd−| md
ms
=
|c2d+ − c2d−|
|cd−|2 λ1λ3
mµ = |ye|v
√|µ(4)µ(5)|
2
√
2
|ce−| me
mµ
=
|c2e+ − c2e−|
|ce−|2 λ4λ5 . (3.24)
Finally, after absorbing residual phases in the definition of the s and c 4D fields, the
matrices m†umu and m
†
dmd are diagonalized by orthogonal transformations charac-
terized by mixing angles θu,d:
θu,d =
∣∣∣∣cu,d+cu,d−
∣∣∣∣λ1 , (3.25)
4There are other possibilities that lead to a non-vanishing mixing. For instance we could
introduce several independent backgrounds and couple them selectively to the different fermion
fields. In our view, the solution discussed in the text is the simplest one.
5All previous equations remain unchanged, but the first equality in eq. (3.7). Only the second
one is correct.
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still at leading order in λα. Therefore the Cabibbo angle is given by:
θC =
(∣∣∣∣cd+cd−
∣∣∣∣− ∣∣∣∣cu+cu−
∣∣∣∣)λ1 . (3.26)
Barring accidental cancellations in the relevant combinations of the coefficients cf±,
the Cabibbo angle is of order λ1. Then, by assuming λ3 ≈ λ1 and λ2 ≈ λ31 we
reproduce the correct order of magnitude of mass ratios in the quark sector. These
are small numbers in the 4D theory, but can be obtained quite naturally from the
6D point of view: µ(1)R6 ≈ µ(3)R6 ≈ 0.5 and µ(2)R6 ≈ 1.3. Similarly, by taking
λ4λ5 ≈ λ21 we can naturally fit the lepton mass ratio.
It can be useful to comment about the way flavour symmetry is broken in this
toy model. Before the introduction of the Yukawa interactions and modulo U(1)
anomalies, the flavour symmetry group is U(2)5. After turning the Yukawa couplings
on, we can consider several limits. When R6 → ∞, the quantities λ(α) vanish
and the flavour symmetry is broken down to U(1)5, acting non-trivially on the
lightest sector. If R6 is finite and non-vanishing, U(1)
5 is in turn completely broken
down by λ(α) 6= 0. Nevertheless, contrary to what happens in models with abelian
flavour symmetries, the coefficients of order one that multiply the symmetry breaking
parameters λ(α) are now related one to each other. This can be appreciated by
taking the limit R6 → 0. We have λ(α) = 1 and the residual flavour symmetry is a
permutation symmetry, separately for the lepton and the quark sectors: S2 ⊗ S2.
Let us now briefly comment about neutrino masses and mixings in this set-up.
The most straightforward way to produce neutrino masses is to add a gauge singlet
6D fermion field, Ψ(6), with Z2 assignments (+1,−1,−1,+1). As for the case of
charged fermions, by introducing a mass term for Ψ(6) as in eq. (3.7) and a Yukawa
interaction with Ψ(4) and H˜ as in eq. (3.19), we obtain a Dirac neutrino mass term
mν =
yν√
2
v
√|µ(4)µ(6)|
2
√
(1− λ24)(1− λ26)
(
cν−λ4λ6 cν+λ6
cν+λ4 cν−
)
. (3.27)
A large mixing angle in the lepton sector, θL, is obtained for λ4 = O(1), in which
case the neutrino mass hierarchy,
mν1
mν2
=
|c2ν+ − c2ν−|
|cν−|2 λ4λ6 , (3.28)
is controlled by λ6. At leading order, the left mixings inm
†
eme andm
†
νmν correspond
to
tan 2θe,ν =
2 ce,ν+ ce,ν− λ4
(c2e,ν− − c2e,ν+ λ24)
, (3.29)
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so that θL ≡ θν − θe is naturally large. As in 4D, the smallness of these Dirac
neutrino masses with respect to the electroweak scale has to be imposed by an
ad hoc suppression of the Yukawa coupling yν . A natural suppression could be
achieved by considering also Majorana masses. A Majorana mass term for right-
handed neutrinos can be introduced in 6D as follows:
LM = MRΨ(6)cΨ(6) =MRΨ(6)TC Ψ(6) , (3.30)
where C is the 6D charge conjugation matrix defined in the second part of ap-
pendix A. If we substitute the expression for Ψ in terms of 4D spinors we obtain:
LM = 2MR η(6)TR γ0 γ2 χ(6)R − 2MR η(6)TL γ0 γ2 χ(6)L =
= 2 iMR
(
η
(6)c
R χ
(6)
R − η(6)cL χ(6)L
)
. (3.31)
At this point we could work out the spectrum in the neutrino sector. However we
cannot proceed exactly as in the case of charged fermions. There we calculated
the spectrum in two steps: firstly we considered only the lagrangian Lg + Lm and
calculated the zero modes and secondly we introduced the Higgs sector and the
Yukawa couplings and we calculated the new masses as little perturbations of KK
levels. This was possible since the Higgs vev is assumed to be small compared to the
KK scale 1/R (R ∼ R5 ∼ R6). If we now introduce Majorana masses for neutrinos
in order to realize a see-saw mechanism, MR could be of the same order of magnitude
of 1/R or even larger. This implies that our two steps method is no more justified,
since we cannot neglect the Majorana mass term in the first step of our calculation.
How can we proceed? One way could be to integrate out right-handed neutrinos,
leading to higher-dimensional operators in the lagrangian. Starting from this new
lagrangian we could now proceed in two steps as before, finding again the mass
spectrum for all fermions. These calculations have not yet been performed and they
will be a subject for future investigation.
3.2.3 Which Scale for Flavour Physics?
Our 6D toy model is non renormalizable. It is characterized by some typical mass
scale Λ. At energies larger than this typical scale, the description offered by the
model is not accurate enough and some other theory should replace it. Up to now
we have not specified Λ. We could have in mind a traditional picture where Λ
is very large, perhaps close to the 4D Planck scale, where presumably all particle
interactions, including the gravitational one, are unified in a fundamental theory. In
this scenario we have the usual hierarchy problem. Clearly our simple model cannot
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explain why v << Λ3/2 and we should rely on some additional mechanism to render
the ESB scale much smaller compared to Λ. A SUSY or warped version of our toy
model could alleviate the technical aspect of the hierarchy problem. Alternatively,
we could ask how small could Λ be without producing a conflict with experimental
data. For simplicity we assume that the two radii R5, R6 are approximately of the
same order R. Due to the different dimension between 6D and 4D fields, coupling
constants of the effective 4D theory are suppressed by volume factors and we require
ΛR ≥ 1 to work in a weakly coupled regime. Therefore, lower bounds on 1/R are
also lower bounds for Λ. Lower bounds on 1/R come from the search of the first
KK modes at the existing colliders or from indirect effects induced by the additional
heavy modes. These last effects lead to departures from the SM predictions in
electroweak observables. From the precision tests of the electroweak sector, we get
a lower bound on 1/R in the TeV range (for a brief review on constraints on extra
dimensions see [49] and references therein). However, the most dangerous indirect
effects are those leading to violations of universality in gauge interactions and those
contributing to flavour changing processes. Indeed, whenever we have a source of
flavour symmetry breaking, we expect a violation of universality at some level. In
the SM such violation comes through loop effects from the Yukawa couplings and it
is tiny. In our model, as we will see, such effects can already arise at tree level and,
to respect the experimental bounds, a sufficiently large scale 1/R is needed.
Since in each fermion sector the two generations are described by two copies of
the same wave function, differing only in their localization along x6, the universality
of the gauge interactions will be guaranteed if the gauge vector bosons have a wave
function perfectly constant in x6. This is the case only for massless gauge vector
bosons, such as the photon, but, as we will see now, not necessarily for the massive
gauge vector bosons likeW and Z. Moreover, also the higher KK modes of all gauge
bosons have non-constant wave functions and their interactions with split fermions
are in general non-universal.
We start by discussing the interactions between the lightest fermion generations
and the observed W and Z vector bosons. Consider, for simplicity, the limit of
vanishing gauge coupling g′ for U(1). Then the free equation of motion for the
gauge bosons Wµ of SU(2) reads:
✷Wµ +
g2
2
h2(x6)Wµ = 0 , (3.32)
where h(x6) denotes the x6-dependent vev of the Higgs doublet H . To avoid prob-
lems in dealing with singular, ill-defined functions, here h(x6) is a smooth function,
vev of a 6D bulk field. From the eq. (3.32) we will see that, if h(x6) is not con-
stant, then the lightest mode for the gauge vector bosons is no longer described by
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a constant wave function. Therefore the 4D gauge interactions, resulting from the
overlap of fermion and vector bosons wave functions, can be different for the two
generations.
In general we are not able to solve the above equation exactly, but we can do this
by a perturbative expansion in g2, which we could justify a posteriori. At zeroth
order the W 3 mass and the corresponding wave function are given by:
(m
(0)
W )
2 = 0 W (0)µ =
1√
2π2R5R6
. (3.33)
At first order we find:
m2W =
g2
2πR6
∫ +πR6
0
dx6 h
2(x6)
Wµ = W
(0)
µ (1 + δWµ(x6))
δWµ(x6) =
∫ x6
0
du
∫ u
0
dz(
g2
2
h2(z)−m2W ) , (3.34)
modulo an arbitrary additive constant inWµ, that can be adjusted by normalization.
We see that when h(x6) is constant, the usual result is reproduced: m
2
W = g
2h2/2
and the corresponding wave function does not depend on x6. Eq. (3.34) allows us to
compute the fractional difference (g1− g2)/(g1+ g2) between the SU(2) couplings to
the first and second fermion generation, respectively. Focusing on W 3µ , we obtain:
∣∣∣∣g1 − g2g1 + g2
∣∣∣∣ =
∫ πR6
0
dx6
(
|ξ(α)1 |2 − |ξ(α)2 |2
)
δW 3µ∫ πR6
0
dx6
(
|ξ(α)1 |2 + |ξ(α)2 |2
) , (3.35)
where α = 1, 4. As expected, if δW 3µ is x6-constant, then the gauge couplings are
universal. From the precision tests of the SM performed in the last decade at LEP
and SLC we expect that such a difference should not exceed, say, the per-mill level.
We have analyzed numerically eq. (3.35) for several choices of the parameters and
for several possible profiles of the vev h(x6). We found that universality is respected
at the per-mill level for m2WR
2
6 < O(10
−3) or 1/R6 > 3 TeV .
We now consider the interactions of the higher modes arising from the KK de-
composition of the gauge vector bosons:
Aµ = i
∑
c,m,n
tcAc(m,n)µ (x)zmn(x5, x6) , (3.36)
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where tc are the generators of the gauge group factor, A
c(m,n)
µ (x) the corresponding
4D vector bosons and zmn(x5, x6) the periodic, Z2-even wave functions:
zmn(x5, x6) =
1√
π2R5R62δm,0δn,0
cos(m
x5
R5
+ n
x6
R6
) . (3.37)
In eq. (3.36)-(3.37) m and n ≥ 0 are integers: m runs from −∞ to +∞ for positive
n and from 0 to +∞ for n = 0. From eq. (3.6) we obtain the 4D interaction term:
− g
Λ
∑
a,b
∑
m,n
cmnab f
(α)
a (x) γ
µtc f
(α)
b (x) A
c(m,n)
µ (x) , (3.38)
where g denotes the gauge coupling constant of the relevant group factor and the
scale Λ has been included to make g dimensionless; a, b = 1, 2 are generation indices.
The coefficients cmnab (a, b = 1, 2), resulting from the integration over x5 and x6,
describe the overlap among the fermion and gauge-boson wave functions. We obtain:
cmnab = 0 m 6= 0
c0nab = 0 a 6= b
c0n11 =
1√
π2R5R62δn,0
4|µα|2R26
n2 + 4|µα|2R26
(1− (−1)ne2|µα|πR6)
(1− e2|µα|πR6)
c0n22 = (−1)nc0n11 . (3.39)
For odd n, the interactions mediated by A
c(0,n)
µ are non-universal. By asking that
universality holds within the experimental limits, we get a lower bound on 1/R
similar to that discussed before, of the order of some TeV .
Until now we have considered only bounds from violation of universality, while
stronger limits are obtained by flavour changing processes. Starting from eqs. (3.38)
and (3.39), after ESB, we should account for the unitary transformations bringing
fermions from the interaction basis to the mass eigenstate basis. The terms in-
volving A
c(0,2n+1)
µ are not invariant under such transformations and flavour changing
interactions are produced. To show how this works in detail we focus on the term:
− g
Λ
∑
n
(
d¯L s¯L
)
γµtc
(
c0n11 0
0 c0n22
)(
dL
sL
)
Ac(0n)µ + (L→ R) . (3.40)
When we move to the interaction basis it becomes:
− g
Λ
∑
n
(
d¯L s¯L
)
γµtcV dL
(
c0n11 0
0 c0n22
)
V d †L
(
dL
sL
)
Ac(0n)µ + (L→ R) . (3.41)
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For even n V dL commutes with the matrix
(
c0nij
)
and the interactions remain diagonal;
but for odd n these matrices do not commute and flavour changing interactions are
induced by:
Ud,2n+1L = c
0,2n+1
11 V
d
L
(
1 0
0 −1
)
V d †L . (3.42)
Now we can integrate out the heavy modes A
c(0,2n+1)
µ and we will obtain an effec-
tive, low-energy description of flavour violation in terms of four-fermion operators,
suppressed by (1/R6)
2. The most relevant effects of these operators have been dis-
cussed by Delgado, Pomarol and Quiros in ref. [50] in a 5D framework with split
fermions. Starting from the effective ∆S = 2 lagrangian for down-type quarks, they
calculated ∆mK and ǫK as function of Mc = 1/R and they derived a lower bound
on 1/R of O(100 TeV ) and of O(1000 TeV ), respectively, which at least as an order
of magnitude applies also to our model.
3.3 Towards a Realistic Model
The model introduced in the previous section is simply a toy model but can be
considered as a first step towards the construction of a realistic theory of flavour
in which the fermion families are dynamically generated. In this section we briefly
discuss vices and virtues of this toy model and we suggest how we can overcome its
problems, first of all the one of the number of generations.
One of the most interesting features of our toy model is that, starting from a
single 6D spinor for every representation of the SM, we obtain two fermion families
simply through compactification. Then masses and mixings are obtained in two
steps, firstly with the localization of the two generations in two different regions in
the extra dimensions and then through the introduction of a localized Higgs vev.
Here the parameters we introduce are all of order one and the hierarchy is generated
thanks to the different overlap of the fermionic wave functions with the Higgs.
At a first sight, from the above description, it seems that this model solves the
hierarchy problem and explains why there are more fermion replica. But this is
not completely true. First of all in our toy model we are able to obtain only two
generations and, within this framework, it is impossible to get more families since
a 6D vector-like spinor contains only two left(right)-handed 4D spinors. Moreover,
even if we obtained the hierarchy dynamically, we have anyway a large number of
parameters so that our theory is not predictive. These are essentially the main
problems related with our toy model. Then of course there are other less important
defects: for example we do not have analyzed yet the problem of neutrino masses,
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even if the possibility of writing Majorana mass terms lets us suppose that probably
a see-saw mechanism will be possible.
In what follows we try to suggest how to build a realistic and predictive model for
flavour. First of all we would like to have a model with three generations and to reach
this scope there are two possibilities. Either we adopt a topologically non trivial
background which changes the number of zero modes or we increase the number of
extra dimensions. Since the first direction has already been explored [43, 44] and
the model proposed is quite complicated6, we explore the other possibility, i. e. we
decide to work in d extra dimensions, with d > 2. How many extra dimensions
are necessary to build a realistic model? As mentioned before such a theory should
be able to explain, among other issues, the smallness of neutrino masses and the
simplest way is through the see-saw mechanism. Then an analysis of Majorana
masses in extra dimensions is in order.
The Majorana mass term is defined as:
ΨcΨ = ΨT C Ψ (3.43)
where the charge conjugation matrix C in D dimensions is defined by
C± ΓM C
−1
± = ±ΓTM . (3.44)
In even dimensions both C− and C+ exist, while in odd dimensions only one is
possible [51]. To form Majorana masses the matrix C must be antisymmetric [52]
and this condition is verified for D=2,3,4,5,6 mod 8. It follows that, with D > 6, the
minimum number of extra dimensions we have to consider in order to have Majorana
masses is six.
The analysis of Majorana masses suggests us to work in 10D. How are fermions
in this scheme? Are they suitable to obtain three generations? In 10D we can
have Dirac, Majorana, Weyl and Majorana-Weyl spinors [51]. A 10D Dirac spinor
is composed by 32 complex components, so it contains eight 4D Dirac spinors.
Majorana and Weyl conditions halve the number of components. If we start with
a Weyl spinor it contains eight 4D Weyl spinors, four with left chirality and four
with right. Of course this is enough for our scopes and we can assert that 10D is
the right framework in which investigate.
Unfortunately the 10D Majorana mass term mixes the two 10D chiralities, so
we cannot start from a Weyl spinor. The simplest way to proceed, in strict analogy
with what done in the toy model, is to start with vector-like fermions. Obviously
the number of independent 4D spinor is doubled and now we have to find a way to
6Moreover in these models the number of families is still imposed by hands since it coincides
with the winding number of the topological defect which is required to be three.
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obtain three left(right)-handed fermions starting from eight left-handed and eight
right-handed spinors. To reduce the number of 4D spinors, i. e. to obtain only a
few fermions with zero mode, there are essentially two ways: orbifolding and/or
twisting. With six extra dimension a lot of possibilities are in principle allowed,
with different orbifolds such as Z2 and Z3 and maybe with twist. Although a large
amount of work has still to be done in order to obtain a realistic and predictive
theory, our toy model can be considered a good step in this direction.
Conclusions
In this thesis we have analyzed the problem of symmetry breaking in theories with
extra spatial dimensions compactified on orbifolds. Orbifold compactifications can
be exploited to break gauge symmetries, supersymmetry and flavour symmetries
with features that have no counterpart in four-dimensional theories. In particular
in chapter 2 we considered scenarios where gauge symmetry and supersymmetry
breaking is induced by the generalized boundary conditions. In contrast, in chap-
ter 3 we concentrated on the flavour problem and proposed a six-dimensional toy
model.
In chapter 2 we studied the new features of the Scherk-Schwarz mechanism when
applied to an orbifold compactification. As explained in section 1.1.2, in a compact
space one can twist the periodicity conditions on the fields by a symmetry of the
action. This results in a shift of the Kaluza-Klein levels and, in particular, yields
a massive zero mode and therefore can be used to break four-dimensional symme-
tries. When the Scherk-Schwarz mechanism is implemented on orbifolds we find that
certain consistency conditions between the operators defining the twist and those
defining the orbifold parity must hold (see section 1.1.4). However at variance with
theories defined on manifolds where fields must be smooth everywhere, in orbifold
theory fields can have discontinuities at the fixed points, provided the physical prop-
erties of the system remain well defined. So the most general boundary conditions
on fields are specified not only by parity and periodicity, but also by possible jumps
at the fixed points. In sections 2.1.1 and 2.2.1 we have discussed the most general
boundary conditions respectively for fermions and bosons on the orbifold S1/Z2.
We found that these boundary conditions are identical, except that in the case of
bosons they must be imposed on the y-derivative of fields as well. The most general
boundary conditions include parity, periodicity and jumps at the two fixed points
and are represented by unitary matrices satisfying some consistency requirements.
After the assignment of the boundary conditions, we calculated the corresponding
spectra and eigenfunctions in the case of one fermion field (section 2.1.2), one scalar
field (section 2.2.2) and more scalar fields (section 2.2.3). In each case we found
85
that the spectrum has the typical Scherk-Schwarz-like form, where the Kaluza-Klein
levels are shifted by a constant amount which now depends on both the twist and
jump parameters. The corresponding eigenfunctions can be discontinuous or have
cusps at the fixed points and may be periodic or not, depending on the twist.
As the spectrum we found is like the one corresponding to usual twisted bound-
ary conditions, we realized that it is possible to recover our spectrum through a
Scherk-Schwarz mechanism with appropriate twist. The eigenfunctions associated
to this twist are now continuous and the different systems are related by a local field
redefinition. We know that physics is invariant under such a local field redefinition
and thus we concluded that these two systems are physically equivalent.
Therefore we could state there is an entire class of different boundary conditions
corresponding to the same spectrum, i. e. to the same physical properties, with
eigenfunctions related by local field redefinitions. In sections 2.1.3 and 2.2.4 we
performed this redefinition in the action and observed that, both for fermions and
bosons, generalized boundary conditions correspond to y-dependent five-dimensional
mass terms that can be localized at the orbifold fixed points. Although these terms
can be singular, which requires appropriate regularization, we conclude that they
are essential for the consistency of the theory, since they encode the behaviour of
fields at boundaries.
We have stated that the same four-dimensional spectrum can correspond to
different mass terms. Thus we would like to classify the most general set of five-
dimensional mass terms that leads to a given mass spectrum. We discussed this
in section 2.3.1, where we gave the conditions that a five-dimensional mass term
should satisfy in order to be ascribed to a Scherk-Schwarz twist. Moreover we found
a relationship between the Scherk-Schwarz twist parameter and the Wilson loop
obtained by integrating the mass terms around the extra-dimension. In section 2.3.2
we discussed some examples of equivalent mass terms.
In sections 2.4 and 2.5 we studied some phenomenological applications of our
generalized boundary conditions specifically for gauge symmetry breaking and su-
persymmetry breaking. We studied the breaking of an SU(2) gauge symmetry in
a toy model before moving on to a realistic SU(5) model and then we considered
supersymmetry breaking in a pure five-dimensional supergravity model.
In chapter 3 we focused on flavour symmetry and we constructed a six-dimensional
toy model for flavour where the number of generations dynamically arises as a con-
sequence of the presence of extra dimensions. In section 3.1 we briefly reviewed the
literature on the subject, in particular showing that methods for localizing four-
dimensional chiral fermions along the extra dimensions exist and have already been
proposed to solve the flavour problem. However we observed that earlier models are
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far from being realistic and moreover require that the number of fermion replica is
introduced by hand. Indeed the only models that attempt to simultaneously explain
both the flavour problem and the number of generations require a non-trivial topo-
logical background and are quite complicated. In contrast, for our toy model we
exploited the fact that a higher-dimensional spinor can be decomposed into many
four-dimensional spinors to address the flavour plus fermion replica problem simul-
taneously.
In section 3.2.1 we illustrated the main features of our toy model. Note that
although our construction is insufficient to obtain automatically three generations,
we decided it was worthwhile to study a six-dimensional two-family model since it
exhibits interesting new features that should also arise in a more realistic three-
family setup. Indeed a six-dimensional Dirac spinor contains two left-handed and
two right-handed four-dimensional spinors. Moreover using a Dirac spinor has the
advantage that gauge and gravitational anomalies are absent. We compactified the
extra dimensions on the orbifold T 2/Z2 and, with appropriate parity assignments,
we showed that it is possible to project out the unwanted chirality states to obtain
two four-dimensional spinors with the same chirality and the same quantum num-
bers, i. e. two replica of the same fermion. We started from six vector-like fermions
with the quantum numbers of the standard model and, after orbifolding, we got
two four-dimensional chiral zero modes for every spinor, which we identified with
(q1L, uR, dR, l1L, eR, νeR) and (q2L, cR, sR, l2L, µR, νµR). We showed that, in the ab-
sence of other interactions, these zero modes have constant profiles along the extra
dimensions, but the introduction of a six-dimensional Dirac mass term for every
fermion can localize the two zero modes in two different regions of the extra space
where the level of localization depends on the absolute value of this Dirac mass. The
Z2-symmetry implies that the Dirac masses must have odd parity and so we chose
them proportional to the periodic sign function along one of the two extra coordi-
nates (and constant along the other), with the proportionality constant different for
each fermion.
After localizing the two families in two different regions of the compact space, we
introduced a Higgs vev confined on the brane around which the second generation
lives and calculated the subsequent fermionic mass spectrum (section 3.2.2). We
discovered that the masses are naturally hierarchical, i. e. from order one param-
eters of the fundamental theory we obtained a four-dimensional hierarchy. More-
over the mixing appeared to be related to a soft breaking of the six-dimensional
parity. Exploiting the fact that Majorana masses are allowed in six dimensions,
we proposed that the smallness of neutrino masses could be explained through an
extra-dimensional see-saw mechanism. In section 3.2.3 we put a lower limit on the
scale of extra dimensions by calculating the order of magnitude of flavour changing
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neutral currents processes in our model.
Although we found very interesting results, our toy model contains too many
parameters and so its predictability is weak. Moreover it contains only two fermion
replica and in six dimensions it is not possible to obtain three generations without
introducing a topologically non-trivial background. In section 3.3 we discussed how
to extend our toy model to a more realistic case with three generations. We suggested
that the most promising framework is realized within a ten-dimensional space-time,
where Majorana masses are allowed and fermions contain a sufficient number of
four-dimensional components. Although our model is not completely realistic and
requires further development, we think that this toy model is an important step
towards the construction of a realistic model that explains both the flavour and the
fermion replica problems within the same framework.
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Appendix A
Γ Matrices in Five and Six
Dimensions
FIVE DIMENSIONS
In 5D we work with the metric
ηMN = diag(−1, 1, 1, 1, 1) (A.1)
where M,N = µ, 5 = 0, 1, 2, 3, 5. The representation of 5D Γ-matrices we use in the
text is the following:
Γµ =
(
0 σµ
σ¯µ 0
)
, Γ5 = i
( −1 0
0 1
)
(A.2)
with σµ = (1, σi), σ¯µ = (1,−σi) and σi are the Pauli matrices.
SIX DIMENSIONS
In order to have a greater overlap with the literature and an easier comparison of
our results with the existing ones, in 6D we change our notations and we work with
the metric
ηMN = diag(1,−1,−1,−1,−1,−1) (A.3)
where M,N = µ, 5, 6 = 0, 1, 2, 3, 5, 6. The representation of 6D Γ-matrices we adopt
is
Γµ =
(
γµ 0
0 γµ
)
, Γ5 = i
(
0 γ5
γ5 0
)
, Γ6 = i
(
0 i γ5
−i γ5 0
)
. (A.4)
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Here γµ, γ5 are 4D γ-matrices given by
γ0 =
(
1 0
0 −1
)
, γi =
(
0 σi
−σi 0
)
, γ5 =
(
0 1
1 0
)
, (A.5)
where σi are the Pauli matrices.
In 6D the analogous of γ5, Γ7 (= Γ
7), is defined by:
Γ7 = Γ0Γ1Γ2Γ3Γ5Γ6 =
(
γ5 0
0 −γ5
)
. (A.6)
The 6D charge conjugation matrix, defined by
C+ ΓM C
−1
+ = Γ
T
M , (A.7)
is
C = Γ0Γ2Γ5 =
(
0 γ0γ2γ5
γ0γ2γ5 0
)
. (A.8)
Appendix B
Path-Ordered Products
We collect here some useful formulae and results concerning path-ordered products
and show how they can be used to prove eq. (2.75) and eq. (2.73d). First, we dis-
tinguish the two inequivalent definitions of path-ordering, introducing the symbols:
P>[m(y1)m(y2)] ≡ m(y1)m(y2)Θ(y1 − y2) +m(y2)m(y1)Θ(y2 − y1) ,
P<[m(y1)m(y2)] ≡ m(y1)m(y2)Θ(y2 − y1) +m(y2)m(y1)Θ(y1 − y2) , (B.1)
where m(y) is a y-dependent matrix and
Θ(y) =
{
1 for y > 0
0 for y < 0
(B.2)
is the Heaviside step function. From the above definitions, and assuming y1 < y2 <
y3, the following properties follow:
P>
[
exp
(
i
∫ y2
y1
dy′m(y′)
)]
· P<
[
exp
(
−i
∫ y2
y1
dy′m(y′)
)]
= 1 , (B.3)
P>
[
exp
(
i
∫ y3
y1
dy′m(y′)
)]
= P>
[
exp
(
i
∫ y3
y2
dy′m(y′)
)]
·P>
[
exp
(
i
∫ y2
y1
dy′m(y′)
)]
,
(B.4)
P<
[
exp
(
i
∫ y3
y1
dy′m(y′)
)]
= P<
[
exp
(
i
∫ y2
y1
dy′m(y′)
)]
· P<
[
exp
(
i
∫ y3
y2
dy′m(y′)
)]
.
(B.5)
If the y-dependent matrix V (y) satisfies the differential equation:
∂y V (y) = i V (y)m(y) , (B.6)
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then it is immediate to prove that
V (y) = V (y0)P
[
exp
(
i
∫ y
y0
dy′m(y′)
)]
, P =
{
P< for y0 < y
P> for y0 > y
. (B.7)
Correspondingly, if m(y) is hermitian, then V †(y) obeys the equation
∂y V
†(y) = −im(y) V †(y) , (B.8)
which is solved by
V †(y) = P
[
exp
(
−i
∫ y
y0
dy′m(y′)
)]
V †(y0) , P =
{
P> for y0 < y
P< for y0 > y
. (B.9)
Showing that eq. (2.72) implies eq. (2.75) is now a simple application of eqs. (B.6)
and (B.7). To show instead that eqs. (2.68a) and (2.72) imply eq. (2.73d), it is
sufficient to solve eq. (2.68a) for U~β ,
U~β = V (y + 2πR)V
†(y) , (B.10)
and to insert the explicit form of the solutions of eq. (2.72), namely eqs. (B.7) and
(B.9). It is also easy to show that the second member of eq. (2.73d) is indeed
y-independent.
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